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Internal states of the hydrogen atom
N

We start with the equation for
the relative motion of electron and proton

{_h—zvﬁ +V (r)}U (r)=E,U(r)

2
We use the spherical symmetry of this
equation
and change to spherical polar coordinates

From now on, we drop the subscript r in the
operator V?



Internal states of the hydrogen atom
N

In spherical polar coordinates, we have

,_10 . a 11 1 o(. .0 1 0
\% : SINO— |+——; >
r’ 8r 8r r’|sin@ o6 06 ) sin“ 0 og¢

where the term in square brackets
is the operator V;, = —L2 / 7* we introduced
In discussing angular momentum
Knowing the solutions to the angular momentum problem
we propose the separation

U(r)=R(r)Y(6.4)




Internal states of the hydrogen atom
N

The mathematics is simpler using the form

U (r)==2(r)Y (6.9)
where, obviously
x2(r)=rR(r)
This choice gives a convenient simplification of the
radial derivatives

10,0 x(r)_13°2(r)
r‘or or r r ore




Internal states of the hydrogen atom
N

Hence the Schrodinger equation becomes

2y (092220 20 L iy 9, g) v (0.9 ()2

211 r ore r° 2u r

“E, %Z(r)v(e,m

Dividing by —hzl(r)Y(9,¢)/2yr3
and rearranging, we have

r’ 82;((I‘) 2 21 B 211
L) o +r hZ(EH v(r))_h v LY (0,4)




Internal states of the hydrogen atom
N

In
r2 0° () 5 2 1 1 A
o7 T BV () =y Y (09) =114

in the usual manner for a separation argument
the left hand side depends only on r
and the right hand side depends only on 8and ¢
so both sides must be equal to a constant
We already know what that constant is explicitly
.e., we already know that L2Y,, (8,¢) =1 (1+1)Y,, (6,9)
so that the constant is 1(1+1)



Internal states of the hydrogen atom
N

Hence, in addition to the L? eigenequation
which we had already solved
from our separation above, we also have
rr azl(r) 2 21
+r =2 (E, =V (r))=1(1+1)
;((r) or’ h° ( " ( ))
or, rearranging
R d2y(r) 72 1(1+1)
— +|V(r)+ ry==E r
e V(D () =B ()
which we can write as an ordinary differential equation
All the functions and derivatives are in one variable, r




Internal states of the hydrogen atom
N

Hence we have mathematical equation
72 d2y(r) 72 1(1+1)
_ +V(r)+ r=E,x(r
for this radial part of the wavefunction

which looks like a Schrodinger wave equation

with an additional effective potential energy
term of the form

n? 1(1+1)
21 1’




Central potentials
N 1

Note incidentally that
though here we have a specific form for V (r)
In our assumed Coulomb potential

2
V(re_rp‘):_ -

r, — rp‘
the above separation works for any potential
that is only a function of r

sometimes known as a central potential

A7,



Central potentials
N 1

The precise form of the equation

B K2 dzl(r)+[V(r)+ 2 I(Ijl)jz(r):EH;((r)

24 dr? 21 r
will be different for different central potentials

but the separation remains

We can still separate out the K angular
momentum eigenequation

with the spherical harmonic solutions




Central potentials
N 1

Since a reasonable first approximation for more
complicated atoms

Is to say that the potential is still approximately
‘central”

approximately independent of angle
we can continue to use the spherical harmonics

as the first approximation to the angular form of
the orbitals

and use the "hydrogen atom” labels for them
e.g. s p, d, f etc



L e e L L L S L L L L U L L L L L L Ll L
q_111ﬁﬂWﬂﬂﬂﬁﬂ.11ﬁ#ﬂﬂﬂﬂﬁﬂﬂ1ﬂﬂﬂﬁﬂ1ﬂ11ﬂ1ﬂ1w11ﬂﬂﬂ411:1111ﬂ11ﬂ1111quunnwﬂ=ﬂuﬂﬂﬁ-ﬂu,

r datdaa g iy n._‘.ﬂ_u_uzu_..ﬂ11-...-11#133_!_-1_-3-
I EREREREREERRARERE . _J.ﬂ_.._u_lﬂ_-ﬂ-._.._-a.-_-_|1

, , . ._,_“ ,,. . ‘.
44 . L
: EEE

. EEEEE
EERREENE

4444444444444 4444 ddddaddddddgddagaaiad g dagua 4 4dd a4 1‘wxﬂ111wz-L RBRNRBREEE
B EERBERRERE xwﬂﬂwﬂwﬂaau-uu‘- LLLLLLLL;L.Lk 144 INERERENEEN

5 )
LOLHEEEE R
xﬂawuunnﬂﬂaa- NN RN RN RN
SR L
«wnaa- g

-L ]
REEEEE RN o ]
RN i
el ot ot o o o o e
42. “.nn-t-._.ti.....L L BEEEET
R odo] LR
EEEEEEE .

.:7;mw“n- Lidd ; .
CEEEEE| '
. TR .‘lﬂﬂagk .l
LL.¢¢ 1. LI prt I 1ﬂ_LL;......L;
CTENEEEEEREE L ﬁ1-LLL;;;;;L
LLL..... - -LLu....;L
R : dod od 4t
344 1.Ls‘....
I EEEEEE|
CIrrENEEEE
.nwﬂtL....mh.

IR
44, wxﬂﬂMLLL -




21 The hydrogen atom solutions

Slides: Lecture 21b Radial equation solutions

David A. B. Miller

particular on power series solutions in section Section 104, is
optional.

Sections 10.4 starting with “Solution of
the hydrogen radial wavefunction”, and
10.5
Note: Section 10.4 contains the complete mathematical details for
solving the radial equation in the hydrogen atom problem. For this
course, not all those details are required and they are consequently Cambridge
not all covered in the online lectures, so the additional detail, in )
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Radial equation solutions
N

Using a separation of the hydrogen atom wavefunction
solutions into radial and angular parts

U(r)=R(r)Y(¢.4)
and rewriting the radial part using
x2(r)=rR(r)
we obtained the radial equation
R d2y(r) (e w2 1(1+1)
_ — — =E
2u drf | dmer 2u 1 #(r)=EBuz(r)
where we know | is 0 or any positive integer




Radial equation solutions
N

We now choose to write our energies in the form
R
E, =——
n
where n for now is just an arbitrary real number
We define a new distance unit
S=ar
where the parameter a is

ot 2,

0]




Radial equation solutions
N

We therefore obtain an equation
2 I(1+1
d z{ ( )—ﬂ+1}(=o

dSZ 2

S s 4
Then we write
x(s)=s""L(s)exp(-s/2)
SO we get
d L

}—+[n I+1)]L:O



Radial equation solutions
N

The technique to solve this equation
d L

n—(1+1)|L=0

s to propose a power series in s
The power series will go on forever
and hence the function will grow arbitrarily
unless it “terminates” at some finite power
which requires that

nis an integer, and
n>1+1



Radial equation solutions

5
The normalizable solutions of

d”L —[S—Z(l +1)]d—L+ n—(l +1)}L=O

ds’ ds

then become the finite power series

known as the associated Laguerre polynomials

S

2141 N | (n+|)! i
Lt (s) = qzz(; (1) (n—1-g-1)!(q+2l+1)!

or equivalently

()= — e

P (p-a)!(j+q)'q!




Radial equation solutions
N

Now we can work back to construct the whole solution
In our definition y(s)=s""L(s)exp(-s/2)
we now insert the associated Laguerre polynomials
2(s)=s"L"E (s)exp(-s/2)
where s=(2/na,)r
Since our radial solution was x(r)=rR(r)

we now have

R(r=na,s/2)o %s'”Lﬁ'_*,l_l(s)exp(—s /2)

oc s'Lo (s)exp(—s/2)



Radial equation solutions - normalization
N 1

We formally introduce a normalization coefficient A so
R(r=na,s/2)= %s' L2 (s)exp(-s/2)

The full normalization integral of the wavefunction

U(r)=R(r)Y(6.¢)

would be

© T 27
1= [ [ [[R(r)Y(6.9) r*sinodadgdr
r=0 6=0 =0
but we have already normalized the spherical harmonics
so we are left with the radial normalization



Radial equation solutions - normalization
N 1

Radial normalization would be 1:_[R2(r)r2dr
0

2n(n+1)!
(n—1-1)!

We could show jsz' [Lﬁ'_*,l_l(s)]2 exp(—s)s°ds =
0

so the normalized radial wavefunction becomes

o See(a)




Hydrogen atom radial wavefunctions
N

We write the wavefunctions
using the Bohr radius a, as the unit of radial distance
so we have a dimensionless radial distance
p=rla,

and we introduce the subscripts
n - the principal quantum number, and
| - the angular momentum quantum number

to index the various functions R,



Radial wavefunctions-n=1
B

Principal quantum number
n=1

Angular momentum 11

guantum number

| =0 0.51

Rio(0)=2exp(-p)

2_.

10
Radius p

15



Radial wavefunctions - n=2
B

R, (p) = %(Z—p)exp(—pIZ) . 0.6

0.4]
| =1 0.27

-0.2°

Radius p

15



Radial wavefunctions - n=3

O ——

Radius p



Hydrogen orbital probability density
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cross-section
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Hydrogen orbital probability density

zT_)
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X -2
cross-section
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logarithmic intensity scale




Hydrogen orbital probability density
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Hydrogen orbital probability density
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Hydrogen orbital probability density
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Hydrogen orbital probability density
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Hydrogen orbital probability density
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Hydrogen orbital probability density
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Hydrogen orbital probability density

1.

n=3
X =1
X -1 m=0
cross-section
aty=20

logarithmic intensity scale



Hydrogen orbital probability density
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Hydrogen orbital probability density

2
X
X-17

cross-section
aty=20




Behavior of the complete hydrogen solutions
N

(i) The overall “size” of the wavefunctions becomes
larger with larger n

(i) The number of zeros in the wavefunctionis n—-1
The radial wavefunctions have n—1-1 zeros
and the spherical harmonics have | nodal “circles”

The radial wavefunctions appear to have an additional
zero atr = O for alll >1, but this is already counted

because the spherical harmonics have at least one
nodal “circle” for all | >1

which already gives a zero as r — 0 in these cases



Behavior of the complete hydrogen solutions
N

In summary of the quantum numbers

for the so-called principal quantum number

n=12,3,...
and |<n-1

We already deduced that | is a positive or zero integer
We also now know the eigenenergies

Given the possible values for n

S

Note the energy does not depend on | (or m)
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