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Slides: Lecture 32b Perturbing
Hamiltonian

Section 8.10 through “Form of the
perturbing ..." (with Appendix E
for optional background)
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Direct optical absorption
B

The transition rate for absorption

from an initial electron state|w;)
with energy E;

to a final state ‘wf> with energy E;
with an oscillating perturbation of

angular frequency @
is, from Fermi's Golden Rule

27T
Waps = 7 <Wf WI>

h

2

H .,

S5(E; —E -ho)

conduction
band

flvi)

valence
N\




Direct optical absorption
__
3 27
In Fermi's Golden Rule w,, . =— <wf

: wi>25(Ef—Ei—ha))

H » 1S the amplitude of a perturbation oscillating in
time at (angular) frequency o, such as is defined in

H S(t)=eE(t)z= H » [exp(—ia)t)+exp(ia)t)]
where E is the electric field in the z direction

We are also now interested in the spatial variation of H "

through the spatial dependence of the
electromagnetic wave amplitude, as explicitly in

H S(rt)= H » (r)[exp(—ia)t)+exp(ia)t)]

N

H .,




Direct optical absorption
N 1

The matrix element in Fermi's Golden Rule, <y/f " Wi>
can now be written explicitly as

(e [Finlyi) = [ (R () (1)

where . (r) and v (I’) are, respectively,
the wave functions of the initial and final states
and we explicitly allow H ;(r) to vary in space

N

H

because the electromagnetic field at
(angular) frequency @ will vary in space



Perturbing Hamiltonian for electromagnetic field

.
Though we could continue with the “electric dipole”

version of the perturbing Hamiltonian H S(rit)=eE(r,t)z
we can connect to other semlconductor phenomena

if we switch to using the magnetic vector potential
A instead of the electric field, and write

N

e . .
Hp(r,t);—m—A-p

where m, is the usual free electron mass and
D =—ihV is the momentum operator

(Note: both the electric and magnetic fields can be
deduced from the vector potential A)



Perturbing Hamiltonian for electromagnetic field
N 1

Now we write the vector potential of a wave at
frequency o

A e{%exp[i(kop T _a)t)] +%exp[—i(kop r —a)t)]}

Here k,, is the wave vector of the optical field inside
the material, and

we take the field to be linearly polarized

with its electric vector in the direction of the unit
vector e



Perturbing Hamiltonian for electromagnetic field
N 1

Now in A= e{%exp[i(kop .r—a)t)]+%exp[—i(kop -r—a)t)]}

we are going to keep only the term in exp(—iat)

because we know from our previous discussion of
Fermi’'s Golden Rule that this term

corresponds to absorption rather than emission
So the spatial part of our perturbing Hamiltonian is
H,, (r)=—(e/2m,) Ajexp(ik,, -r)e-p
and the total perturbing Hamiltonian is
H S(rt) = H 5 (F)exp(-iot)
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Section 8.10 subsection “Direct
valence ..." through paragraph
after Eq. 8.98 Lo
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Direct optical absorption
B

To proceed, we need to know
the initial and final wavefunctions

We are most interested in the E,
transitions between 5

an initial valence band state \Wi> and

a final conduction band state ‘wf> E;

We presume that we can write them
as "single-electron” Bloch states

and to calculate matrix elements
we must normalize them

conduction
band

flvi)

valence
N\




Normalizing Bloch functions
N

With normalization constants B, and B;, we have
w; (r)=Bu,(r)exp(ik,r)

v, (r)=Bu.(r)exp(ik,r)
Here, and below, for simplicity
we presume U, and u. do not depend on k
a good approximation for an “allowed” process
so we omit the “k" subscripts on u, and u,

We do, however, now explicitly allow the conduction (u,)
and valence (u.) unit cell functions to be different

and



Normalizing Bloch functions
N

We choose u,(r)and u_(r)to be normalized over a unit cell
.[ U*(r)uv(r)di%r:l and similarly for u_(r)

nitcell Vv

Hence, normalizing y,(r) and . (r), we have, e.g., for y.(r)
J'gyl*( v (r )d3r 1= Bj r)exp(—ik,-r)u,(r)exp(ik,-r)d°r

=B u;(r)u,(r)d°r =B’N[ u;(r)u,(r)d’ =B?N

unit cell
where V is the volume of the crystal
where N is the number of unit cells and

Hence we have B =B, =1/+/N



Matrix element for Fermi’'s Golden Rule
.

With H . (r)=—(e/2m,) A exp(ik,, -r)e-p
1 . 1 .
(r)=—=u,(r)exp(ik,r d r)=—==u_(r)exp(ik,-r
WI()NV()D(V)an Wf()\/ﬁ()p( )
the matrix element for Fermi’'s Golden Rule is
<l//f I;I\po(r)";”i>:

— 2renibN J[u:(r)exp(—i K, -r) |exp(ik,, -r)e-p[u,(r)exp(ik,-r)]d°r




Matrix element for Fermi’'s Golden Rule
S 1
We are interested in transitions involving states near the

center of the Brillouin zone, so
k,|and|k.|are both <<z /a
Though strictly p=-izV operates on all of u, (r)exp(ik, -r)
with these small values of k,

exp(ik, -r) changes very slowly compared to the
rate of change of u, (r)

so, at least as a first approximation, we take
B[ u, (r)exp(ik, -r) |=exp(ik, -r)pu, (r)+u,(r)pexp(ik, -r)
=exp(ik, -r)pu, (r)



Matrix element for Fermi’'s Golden Rule

S 1
For definiteness, we choose the polarization direction

(i.e., unit vector e) in the x direction

X will be one of the directions perpendicular to the
propagation of the electromagnetic wave

With this choice and our approximations so far

(A0 A
i LU (e (k1) Jexpik,, )e-Blu, (rexp(ik, 1) Jo°
,)

][ )ﬁxuv(r)_d?’r

- 2mNjexp[ (k, —k, +K,




Matrix element for Fermi’'s Golden Rule
.

The optical wave vector k,, corresponds to wavelengths
of 100's of nm or more (even inside the material)

A typical crystal unit cell size is, e.g.,, a~ 0.5 nm
SO exp(ikOIO -r) Is slowly varying over a unit cell

Hence, since we have already restricted |k,| and |k | to
being small by assumption

then the entire factor
expli(k, —K, +Kq, )T
varies slowly over the length scale, a, of a unit cell



Matrix element for Fermi’'s Golden Rule

5
As a result, we can approximately separate the integral
<‘//f

1 po (r)‘Wi>: - |:i(kv -k, + kop)'r][U:(r) p,u, (I’)}dgr

into a sum of integrals over a unit cell
treating the value of exp[ (k -k, +K, ) ]

as approximately constant within a unit cell, i.e.,

(ve[F (v ) =g felp) 3 enfifk, ko) R, |

m(i.e., unitcells)

where R, is the position of (the center of) the mth unit cell
and <C‘ﬁx‘v> J‘unltcell C( )pX V( )d3rE pCV



Matrix element for Fermi’'s Golden Rule
N
The summation in
<‘//f

Apo(r)‘%>= o NHPXH > exp[(k —k, +Kq, )R ]

m(i.e., unitcells)

will average approximately to zero unless k, -k +k =0
because otherwise
the function exp[ (k -k +k, ) ] Is oscillatory

(Note this condition k, -k +k_ =0 can be seen to
correspond to conservation of crystal momentum 7k)

In this case, the sum becomes

zexp[ (k, —k, +Ky ) R ]zzm:exp(O):N




Fermi's Golden Rule transition rate
.

Hence
<:,yfHApo(r)‘z//i>:—2?nA’N<c\ﬁx\v> > exp[i(kv—kc+kop)-Rm]

m(i.e., unitcells)

I:||00(r)‘9”i> - ca

becomes <wf —— P,
2m,
and Fermi’s Golden Rule gives a transition rate
27 ~ 2
Wabs :7<Wf Hpo l//|> 5(Ef _Ei _ha))
_2me*A

po| 6(E, —E o)

ho4m?



Direct valence to conduction band absorption
P
Hence, for an incident optical wave of frequency o,
wavevector k,, and magnetic vector potential
amplitude A,

for an initial state of energy E; and Bloch wavevector
k, In the valence band

and a final state of energy E; and Bloch wavevector k.
In the conduction band

if and only if k, -k +k, =0, we have a "direct

transition rate” o ezpbz

W, =
b
' h 4m?

po| 8(E; —E —ho)



Direct valence to conduction band absorption
N 1

Note also that the transition rate
2m A 2

W, = O|E. —E —Thw

abs h 4m§ ‘pcv‘ ( f i )
IS proportional to

a (squared) matrix element, | P,,

the optical intensity (which is proportional to A?)

and hence to the average arrival rate of photons
In the semiconductor (per unit area)

‘2
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Slides: Lecture 32d Transitioning from
sums to integrals

David A. B. Miller

Section 5.3
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Transitioning from sums to integrals
N

Suppose we have some states
Indexed by an integer g
For each of these states
some quantity
such as energy
has a value f,

Hence, summing all of these quantities would
give a result

S:qu
:



Transitioning from sums to integrals
I
It could be that f; can also equivalently be

written as a function of some parameter u
such as momentum
that takes on some value u, for each g
e, f,=1(u,)
e.g., f, might be the energy
associated with momentum u,
and g might be indexing all the
allowed values of k

So, we could write S=> f(u,)
q



Transitioning from sums to integrals
N

Suppose now that the u, and the f;
are very closely spaced as we change g
and vary relatively smoothly with g

We suppose that this smooth change of u, with q is
such that
we can approximately represent u as some
smooth and differentiable function of a
continuous variable g

e, u(q)
that is the same as u, for all integer values of g



Transitioning from sums to integrals
N 1

We can define the difference between two specific
adjacent values as u,,, —u, =ou
With 5q=(q+1)—q
then, trivially ou

Because of the presumed “smoothness” of u(q)

U, —U, =ou :@5(1 :d—u5q :d_u
0Q dq dq

where in the last step we use the fact
5q=(q+1)—q=1



Transitioning from sums to integrals
N

So, considering some small range Au

within which the separation du between
adjacent values of u

was approximately constant

the number of different terms in the
sum that would lie within that range
IS

Au/Su=Au/(du/dq)



Transitioning from sums to integrals
N 1

Equivalently, defining a density of states g(u)= (duidq)
we could say, equivalently, that the number of terms
in the sum that lie within Au is AU_ AU g(u)Au

Su du/dgq
Hence, instead of summing over g we could instead

consider a set of values of u each separated by Au
and spanning the same range
and write the sum over all those values

e, S :Zq: f, Ezq: f (uq):zu: f(u)g(u)Au



Transitioning from sums to integrals
——

Finally we formally let Auin S = Z f (u)Au
become very small
SO we can approximate the sum by an integral
to obtain S :j f (u)g(u)du

So in going from a sum to an integral, we

insert the density of states in the integration variable into
the integrand

e, L;...—ﬁ...g(u)du]

(The integral limits must correspond to the limits in the sum)
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32 Optical absorption in
semiconductors

Slides: Lecture 32e Total transition
rate

Section 8.10 subsection “Direct
valence ..." starting above Eq.
8.99 through Eq. 8.107
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Total transition rate
N

27 €
Waps = i AO ‘ cv‘ §(Ef _Ei _ha))
ho4m?

is transition rate from

an initial valence band state with Bloch wavevector k,

to the conduction band state with wave vector

k. =k, +K,,

To get the total transition rate

and hence the optical absorption rate of photons

we need to sum over all the possible initial and
final states




Total transition rate
N

The total transition rate W is formally

21 &N 2
WTOT :ZZWabs = B Am? ‘pcv‘ Zzé(Ef _Ei _hw)

where we presume |p,,|" is ~ independent of k
We have shown above that
for a given initial state with wave vector k,
the only final state possible is the conduction band
state with k, =k, +k,
With this knowledge
we can drop the separate sum over final states




Total transition rate
N

Since |k, | is generally a very small fraction of the size of the
Brillouin zone

we will now neglect it for simplicity, taking k. =k,
This negligible size of the optical wavevector means that

the direct optical transitions are essentially “vertical” on
the energy-momentum diagram

Hence, for a given initial state k,
only one term remains in the sum over the final states
namely, the one with k, =k,
From now on, we drop the suffixes “v* and “c”, using just k




Total transition rate
N

Hence the total transition rate becomes

2 eZ 2
Wror = 7:4:2 ‘pcv‘z ) 5[Ec(k)—EV(k)—ha)]

k, spin

now including a sum over the two possible spin states
Now we formally rewrite (considering unit volume)

> :ZZzzjg(k)d:”k

Kk, spin
where g (k) is the density of states in k space
We will next change variables in the integral
to the energy E (k)-E, (k)



Direct optical absorption
B
Assuming parabolic bands

with m, and m, as the hole
and electron effective masses

both positive by convention
we can define the transition
energy

E, (k) = E,(K) - E, (K)

ke[ 1 1
= + +E,
2 m meffh

effe

conduction
band

valence
band




Dense sets of possible transitions
B

Now we can think of a set of possible
transitions
corresponding to transitions
between a specific k-state in the
valence band

and the corresponding k-state in
the conduction band

as sketched here for some
portion of the Brillouin zone




Dense sets of possible transitions

e
Here, in a one-dimensional

visualization

the transition energy E; goes from
E, (k )at one end, to
E, (k, + Ak)at the other

E, (k)




Dense sets of possible transitions
B
In what follows, we are interested in

the number of different transitions
possible

in a range of photon energies

fromE, (k) to E, (k,+Ak)  E, (k)

that is, within a range
AE; =E, (k +Ak)—-E, (k)
in the vicinity of E, (k; )




Dense sets of possible transitions

B
The difference in transition energies

from one side of this diagram to the

other
Is the sum of two parts
n’k®

2m

one from

effe

21,2

the other from
2meffh

_____________ hz k 2
from
D 2,4
K, + AK



Dense sets of possible transitions
B
We presume this set of possible

transitions is very dense

with density g, (7ew) per unit A E, (K, +AK)
energy near photon energyzim

giving g, (hw)AE transitions E, (k,) N

within energy range 4E E, (k)+AE
g, (hw) is known as a L
"joint density of states” =L
since it refers to transitions v
K, k, + Ak

between states



Joint density of states
N

So, we can write the transition energies as

m Mt Zzueff

where we have introduced a convenient parameter
a "reduced effective mass”

1 1 1
= +

Mog Mg My

effe

hk? [ 1 1 h’k?
E,(k)=E_(k)-E, (k)= 2( + J+Eg: +E




Joint density of states
N

We can then define a “joint density of states” g, (E,)
the number of transitions per unit (photon) energy
where we view E; as being a function of k
Like the energy density of states in a band, we can write

g, (EJ )dEJ — 29(k)d3k

including a factor of 2 for spin
where g (k) is the density of states in k-space
just as before



Joint density of states
N

Because our expression for the transition energy
h°k’
2/ueff

has exactly the same form as the energy of k-states in
a given parabolic band

we now follow mathematically identical arguments
to those used to deduce

the density of states in energy
from the density of states in k-space

E,(K)=——+E,



Joint density of states
N

Now we deduce
the density of transitions per unit photon energy
now called the “joint density of states”

obtaining, for photon energy greater than the
bandgap energy

e, E; 2 E,
the “joint density of states”

1 (2u 3/2 s
eff
gJ(EJ)szz_z( 72 ] (EJ_Eg)




Total transition rate
N

27T e
So, from W, = - 4r'r61b‘ D[ kzpm S| E,(k k)-ho]
using Y = 2Z~2jg(k)d3k_ | gJ(EJ—Eg)dEJ
k, spin E;2E,
. 1 2:ueff . V2
with g, (Ey)=——| — (E,-E,)
then

27zeA0

1 (24 312 "

g



Total transition rate
N

Integrating to eliminate the delta function in

3/2
WTOT _ 21 e A\) ‘ CV‘ J‘ 1 Lzlueffj (EJ —Eg )1/25(EJ _ha))dEJ

no4Am: el 2mt\ I
we finally obtain, for iw > E
3/2
27 e A\) 1 Zﬂeff 1/2
WTOT(ha))_ HoAm 2‘ cv‘ 27[2£ hz j (ha)_Eg)

Hence we finally see how Fermi’s Golden Rule can be
used with an appropriate density of states

to give a total transition rate
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32 Optical absorption in
semiconductors

Slides: Lecture 32f Absorption
coefficient

Section 8.10 starting just above
Eq. 8.108
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Absorption coefficient
N

The final step is to relate the absorption coefficient, «
the probability of absorption of a photon per unit length
to the total transition rate per unit volume W4,
With photon energy hw
the number of photons incident per unit area per second
is, by definition n =1/#7w
where | is the optical intensity (power per unit area)
So the probability a photon is absorbed per unit length is

o = Wor _ oW o

n, I




Absorption coefficient
N

From electromagnetism, we can deduce the intensity
from the vector potential amplitude through

— angoa)z,Aé
2

where
n,is the refractive index
c is the velocity of light, and
&, Is the permittivity of free space (electric constant)



Absorption coefficient

e
Hence

3/2
hao 2w 2m &A1 2py 2 12
hw)=—W;o; = .| (ho—E
a(ho) T ncew’ A ho4m: 27°\ R sl ( g)

|
B e’ 1 AR * 2
_27Z'm§C6‘0 nra)‘pw‘ ( h* j (ha) Eg)

The parameter E, =(2/m,)|p,| (~ 20 eV in many
semiconductors) is often used in calculations

INn which case we can rewrite

h . hez 1 Ep 2,Lleff 3/2(h E )1/2
d w)_47zm0<:go n, ho\ 7 T




Optical absorption
B

In direct gap semiconductors

the optical absorption in this
model

rises as (ha)— E, )ﬂzabove
the bandgap energy E,

This model is used as the
starting point for optical
calculations in
semiconductors

Absorption coefficient

=

Photon energy 7w
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