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8 The time-dependent Schrédinger
equation

Slides: Lecture 8a Introduction to the
time-dependent Schréodinger
equation
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equation
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Relation between energy and frequency
N

The relation between
energy
and
frequency
for
photons

is L E-hy=hao J




Relation between energy and frequency
N

The relation between
energy
and
frequency
for
quantum mechanics

is L E-hy=hao ]




Rationalizing the time-dependent equation
N

We want a time-dependent wave equation
for a particle with mass m

with this relation E =hv =%® between energy and
frequency

We might also reasonably want it to have plane wave
solutions

e.g., of the form exp[i(kz —a)t)]
when we have some specific energy E
and when we are in a uniform potential



Rationalizing the time-dependent equation
N

Schrodinger postulated the time-dependent equation

2
—f—mVZ\P(r,t)+V (r,t)¥(r,t)= ihéqja(tr’t)
Note that for a uniform potential

e.g., V =0 for simplicity
with E =% and k =+/2mE /
waves of the form

exp| —i(wt £kz) | = exp{—i (%i kzﬂ = exp(—i %) exp(Fikz)

are indeed solutions




Rationalizing the time-dependent equation
N

In his time-dependent equation (r)
/A . OP(r,t
sz P (r,t)+V(rt)¥(r.t)=in po

Schrédinger chose a sign for the right hand side
which means that a wave with a spatial part
oc exp(ikz)
iIs definitely going in the positive z direction

That wave, including its time dependence
would be of the form (for V =0)

exp|i(kz—Et/ )]




Compatibility with the time-independent equation
N

Before examining the time-dependent equation further

first we should check that it is compatible with the
time-independent equation

The time-independent equation could apply if we had
states of definite energy E, an eigenenergy

Suppose we had some corresponding eigenfunction v (r)
so that

vy (1) 4V (1) (1) = By (1)



Compatibility with the time-independent equation
N

As it stands

this solution ¥ (r) is not a solution of the time-
dependent equation

2
—;—mVZ\P(r,t)+V (r,t)¥(rt)= ihal}lﬁ(tr’t)
Putting w (r) in here for ¥(r,t) does not work

because w(r) has no time-dependence
the right hand side is zero
whereas it should be Ey (r)

how do we resolve this?




Compatibility with the time-independent equation

Suppose that, instead of proposing the solution y(r)
we propose ¥ (r,t) =y (r)exp(-iEt/ 1)

_%vz‘{'(r,t)w (r)¥(r.t)
=Ty (r)exp(—iEL 1) +V (1) (r)exp(-iEL/ 1)
= {_%Vzw(rﬁv (r)w(r)}exp(—iEt/h) =Ey (r)exp(—iEt/n)

=EW¥(r,t) | so ¥(r,t)=w(r)exp(-iEt/#) solves the
‘time-independent Schrodinger equation




Compatibility with the time-independent equation
S 1
Similarly, knowing that ¥ (r) solves the time-
iIndependent equation with energy E
substituting W (r,t) =y (r)exp(-iEt/ 1)
In the time-dependent equation gives

_h_zv P (r t)+V(r)\P(r,t):|ha\P( = —[W )exp( |Et/h)]

2m

=ihy(r [exp —~iEt/ 1) |= ihl//(t‘)|i—l%:|exp(—lEt/h) =EW¥(rt)

so W (r,t)=y(r)exp(-iEt/#) solves the
‘time-dependent Schrodinger equation




Compatibility with the time-independent equation
N

So every solution y(r) of the time-independent
Schrédinger equation, with eigenenergy E

is also a solution of the time-dependent equation
as long as we always multiply it by a factor exp(—iEt/#)

If y(r) is a solution of the time-independent Schrédinger h
equation, with eigenenergy E
then W(r,t)=y (r)exp(-iEt/h)
IS a solution of both the time-independent
and the time-dependent Schrédinger equations
making these two equations compatible )




Oscillations and time-independence
N

If we propose a solution
¥ (r,t)=y(r)exp(-iEt/h)
to a time-independent problem
can this represent something that is stable in time?
Yes! - measurable quantities associated with this state
are stable in time!
e.g., probability density

W (r,t)[ =[exp(+iEt/n)y" (r) |x[exp(—iEL/ A)y (r)] =]y (r)|



L e e L L L S L L L L U L L L L L L Ll L
q_111ﬁﬂWﬂﬂﬂﬁﬂ.11ﬁ#ﬂﬂﬂﬂﬁﬂﬂ1ﬂﬂﬂﬁﬂ1ﬂ11ﬂ1ﬂ1w11ﬂﬂﬂ411:1111ﬂ11ﬂ1111quunnwﬂ=ﬂuﬂﬂﬁ-ﬂu,

r datdaa g iy n._‘.ﬂ_u_uzu_..ﬂ11-...-11#133_!_-1_-3-
I EREREREREERRARERE . _J.ﬂ_.._u_lﬂ_-ﬂ-._.._-a.-_-_|1

, , . ._,_“ ,,. . ‘.
44 . L
: EEE

. EEEEE
EERREENE

4444444444444 4444 ddddaddddddgddagaaiad g dagua 4 4dd a4 1‘wxﬂ111wz-L RBRNRBREEE
B EERBERRERE xwﬂﬂwﬂwﬂaau-uu‘- LLLLLLLL;L.Lk 144 INERERENEEN

5 )
LOLHEEEE R
xﬂawuunnﬂﬂaa- NN RN RN RN
SR L
«wnaa- g

-L ]
REEEEE RN o ]
RN i
el ot ot o o o o e
42. “.nn-t-._.ti.....L L BEEEET
R odo] LR
EEEEEEE .

.:7;mw“n- Lidd ; .
CEEEEE| '
. TR .‘lﬂﬂagk .l
LL.¢¢ 1. LI prt I 1ﬂ_LL;......L;
CTENEEEEEREE L ﬁ1-LLL;;;;;L
LLL..... - -LLu....;L
R : dod od 4t
344 1.Ls‘....
I EEEEEE|
CIrrENEEEE
.nwﬂtL....mh.

IR
44, wxﬂﬂMLLL -




I —
-
 Ouuantum Mechanice |
—Quaniumaviecnanics |
|

8 The time-dependent Schrédinger
equation

Slides: Lecture 8c Solutions of the
time-dependent Schréodinger
equation

David A. B. Miller

Section 3.3

\\\\\ M




L 34 4 3.4
Iy I

ARRRERERRERRRENE IR -w RERRRD |
EUREER n_ NEEEEEEE FREEEEERE [
1ﬂﬂ1ﬂ1wﬂwﬂH1131ﬂﬂﬂ1 111111111111=_11__ rrireER IRRERER NN FERRERERND
s i 1qﬂﬂﬂﬂﬂﬂﬂﬂﬂﬂﬂﬂﬂﬂﬂﬂﬂﬁﬁﬂﬂﬂﬂﬂ1ﬂﬂﬂ RREERRRRE EEPRERRRRERAER
RETERERRRREERE R NN RERER P EEREE RN RN R EEERRER RN PEFERTERTEREEE]
daddaadaagdd dadndd 1ﬂ1fﬂﬂﬂﬂﬂqw7ﬂ#.ﬂﬂﬂwﬂﬂﬂﬁ11_11ﬂ1ﬂﬁ1ﬂ1#111ﬂﬂ1ﬂ#ﬂ1
daddddddudaada s .rﬁﬂﬂﬁﬂﬂﬂ
111111ﬂﬂ11ﬂ_ﬂﬁ_1ﬂ1

.111ﬂ1

FRERRERRETH
IRRREREEREEER

id Miller

kT 11W1ﬂ1ﬂ|
FRERERERE|

.1
44 4a 4434434440
dddadadaad 34441
ERERERRERRERRERNEN
PEERREREEEEEEREERY
EEERErEEEEERRTRREE
ITRERNEETREREREN 14
dddddadd FEREEEE
BB
TR
]
dddl
Maddd

Dav

dinger

IoN

4 |1 e
|

t

5

| 1
FEREERRERERERERREEREE
EREEEERERIRRNERRRR RN
EERERREEEREEREEREREERER ]
MEERETEE RN
b cd ok cd kot o d dd .

dependent

dinger equa

dod

dddddd dadd.l
RRERRERENG]

c e
L EEEE

RRRERREERE

S
ITPREREEREREE L~
addaadadddada
INEREREREREREREN
TEERTET T RS
.-n RN J

ﬂ111111j
dddaaddgd g
idddadadddddd.

10N

TEESER
g

J ST
3 EREEEREE
ITENEREEREEE .n.
IEREERFERFERERE
,ﬂw1111ﬁ1ﬂ1ﬂankl

111ﬂﬂn R

equat

Sch rc’j

1w.1nuL.
i

dependentSchr

kot

Solutions of the time-

11:;;.;4 ]
WEEERREERRRE 1
IRNEECEEFEEREY
Haddddddddadds
IERRER T RN
IRERRERN!

The time

‘ﬂwwﬂﬂﬂ LH.
INERERERREDE
.wqﬂﬁﬂﬂﬂwwwﬂqaL;
INFREEEEERE
IErREEEm 1
ITREN ]

.. .

+

EREREEE ﬂ1ﬂ1Ll.
FREFTECEE
pEREEER

' WS T

EERNET T
IREREEREE

IREERERRERRE



Contrast to classical wave equation
N 1

The common classical wave equation has a different
form 2 02
Vi = k2 g I
w” ot

f ocexp|i(kz—at) ]

would also be a solution
Note the classical equation has a second time derivative

as opposed to the first time derivative in
Schrodinger’s time-dependent equation

for which



Schroédinger’s complex waves
5
Note that Schrédinger’s use of a complex wave
equation
ne . 0P(r,t)
%V Y (r,t)+V(r,t)¥(r,t)=in ~
with the “i” on the right hand side
means that generally the wave ¥is required to be
a complex entity
For example, forV =0

though exp[i(kz — Et/h)} Is a solution
sin(kz—Et/7) is not a solution




Wave equation solutions
B

With the classical wave equation
If at some time we see a particular shape of wave
e.g., on a string

JAVaN




Wave equation solutions
N 1

With the classical wave equation
If at some time we see a particular shape of wave
e.g., on a string

we do not know if it is going
to the right f(z-ct)



Wave equation solutions
N 1

With the classical wave equation
If at some time we see a particular shape of wave
e.g., on a string

we do not know if it is going
to the right f(z-ct)
or to the left g(z+ct)
or even some combination of the two



Time evolution from Schrodinger’s equation
N
In Schrédinger’s equation, for a known potential V
n o, O (r,t)
——VY(rt)+V(rt)¥(rt)=17
PV () +V (10 (1) =0
if we knew the wavefunction W (r,t,)at every point in

space at some time t,

we could evaluate the left hand side of the
equation at that time for all r

so we would know 0¥ (r,t)/ét forall r

so we could integrate the equation to
deduce W(r,t) at all future times




Time evolution from Schrédinger’s equation
N

Explicitly
knowing 0¥ (r,t)/ét we can calculate
\P(r,to+5t);\11(r,to)+%—‘f St

rt

that is, we can know the new wavefunction in
space at the next instant in time

and we can continue on to the next instant
and so on

predicting all future evolution of the
wavefunction



L e e L L L S L L L L U L L L L L L Ll L
q_111ﬁﬂWﬂﬂﬂﬁﬂ.11ﬁ#ﬂﬂﬂﬂﬁﬂﬂ1ﬂﬂﬂﬁﬂ1ﬂ11ﬂ1ﬂ1w11ﬂﬂﬂ411:1111ﬂ11ﬂ1111quunnwﬂ=ﬂuﬂﬂﬁ-ﬂu,

r datdaa g iy n._‘.ﬂ_u_uzu_..ﬂ11-...-11#133_!_-1_-3-
I EREREREREERRARERE . _J.ﬂ_.._u_lﬂ_-ﬂ-._.._-a.-_-_|1

, , . ._,_“ ,,. . ‘.
44 . L
: EEE

. EEEEE
EERREENE

4444444444444 4444 ddddaddddddgddagaaiad g dagua 4 4dd a4 1‘wxﬂ111wz-L RBRNRBREEE
B EERBERRERE xwﬂﬂwﬂwﬂaau-uu‘- LLLLLLLL;L.Lk 144 INERERENEEN

5 )
LOLHEEEE R
xﬂawuunnﬂﬂaa- NN RN RN RN
SR L
«wnaa- g

-L ]
REEEEE RN o ]
RN i
el ot ot o o o o e
42. “.nn-t-._.ti.....L L BEEEET
R odo] LR
EEEEEEE .

.:7;mw“n- Lidd ; .
CEEEEE| '
. TR .‘lﬂﬂagk .l
LL.¢¢ 1. LI prt I 1ﬂ_LL;......L;
CTENEEEEEREE L ﬁ1-LLL;;;;;L
LLL..... - -LLu....;L
R : dod od 4t
344 1.Ls‘....
I EEEEEE|
CIrrENEEEE
.nwﬂtL....mh.

IR
44, wxﬂﬂMLLL -




8 The time-dependent Schrédinger
equation

Slides: Lecture 8d Linear
superposition

Sections 3.4 - 3.5

I —
-
 Ouuantum Mechanice |
—Quaniumaviecnanics |
|

David A. B. Miller

\\\\\ M




FFEHRERRERERERE S
FEERERREEEEEENNRE
dddaagdaadd g 2 ITREEEERERER EUEEEE R
dadaagaagaadddad. EEERNREREE nRERREE
11ﬂ11ﬁ1111ﬂ1ﬂﬂ11ﬂ1ﬂﬂ11ﬂ1ﬁ1ﬂ11ﬂ111ﬂ1ﬂﬂ_. PEEERERTRERRERERRERY ] bl ot e
s e s e e e EF PEFENEERPERR RN RRRE I ENEEE
ddadadddaddadaduaddddadaadd dadadaad g At A g A Al g ] i adadad i adaaaaddaadudaddga
FERREEPEREREEERERNE _14,1~._-1!ﬁ1ﬂﬂ2vq. FEREEREER Rladdaaa gy |
daddadaduandadgad rr _z...__.._ 44 d ldaddaddaad:
(i ad g i d ; !
FEERREREEREEETR
dddddduadda daday
PERREEEREREREEE
—.—-3...1!. ﬁ—.ﬁ.. i
EEREENERERER!

BEERRRREREE

FERREREREREET

FEREEREREEREEE
EERREFRERETRE EFEEEEECEEREER
PRRRRRERRERERCEREY
ERERERREEREREREREY
PEEREFREEEREERERER
ERREEEEEERERERREN
pEnE ﬂ““IlI 44l
bd ol .l
ddddd LLU—L.....,

|nger

Dav

6c
lon

- e
quuww.‘......., FEREERE
R PRREEEREWD
| * m— ERRERREEER suuan___u..

FEENRNEES

"

:qur::nﬂ
WEEREENEN

RS

L EEEE

Al

el
FERERRE
dddadadadad ]
dadaddddd mE)
TEEERD 11_|_-ﬂu‘ﬂILLL..
duddddgadddgdd i
FEFErERERRE

FERT

10N

IRERERRERERER
.=w1uw1uu=na= 14

IRERERRERRENERRN
ITRREFEr T AR

EEEEENREENS

ey

EEERE
..Wﬂ_-nﬂnu!_

equat

AEREREERRRED
IREREREEREEN
EREERFEERRRRREH
IFRREREEEEEERENN
IEFEEFEEE RN

1

Linear superpos

RErr rrER
[REF T TEN
(3l

dependentSchr

sl
ot e

i :1-..#11_.1_._-—,.
IEERERIRERENRERE
IEREEREEE A ERERE

The time-

4

ERREREREERENEE
IEREEERRT FRETEES
ITAREEREEREE
L

of 444

[RENNER
RERERER R
IREEERerRERREER
PEREREE FEEEEE
FEREERE T RN
TR
_.._L L

aLLL L
L

REERARE L
IRENEERITERER

PERrErrE
-1ﬂﬂ1ﬁ

Quantum mechanics for scientists and eng

q1q1ﬂ1,11n
IRERREEEEER
REREEEEE e e
SEEEREEEE RN
RERTEREER ]




Linearity of Schrédinger’s equation
.
The time-dependent Schrodinger equation is linear in
the wavefunction ¥

o, . 0Y(nt)
%V ¥ (r,t)+V(rt)¥(r.t)=in g
One reason is that no higher powers of ¥ appear

anywhere in the equation
A second reason is that ¥ appears in every term
there is no additive constant term anywhere




Linearity of Schrédinger’s equation
N

Linearity requires two conditions
obeyed by Schrédinger’s time-dependent equation

1 -If ¥ is a solution, then so also is a¥ , where ais
any constant

2 -If ¥, and ¥, are solutions, then so also is'¥, +¥,
A consequence of these two conditions is that
Y. (rt)=c,¥,(rt)+c,¥,(rt)
where ¢, and ¢, are (complex) constants
Is also a solution



Linear superposition
N

The fact that
Y. (rt)=c,¥,(r.t)+c, ¥, (r,t)

iIs a solution if ¥, and ¥, are solutions
is the property of
linear superposition
To emphasize

linear superpositions of solutions of the
time-dependent Schrédinger equation

are also solutions



Time-dependence and expansion in eigenstates
N

We know that
if the potential V is constant in time
each of the energy eigenstates ¥, (r)
with eigenenergy E,
is separately a solution of the time-dependent
Schrodinger equation

provided we remember to multiply by the
right complex exponential factor

¥, (r.t)=exp(-iEt/ )y, (r)



Time-dependence and expansion in eigenstates
N

Now we also know that the set of eigenfunctions of
problems we will consider is a complete set

so the wavefunction at t =0 can be expanded in them
¥ (r,0)=2 ay,(r)

where the a, are the expansion coefficients
But we know that a function that starts out as y, (r)
will evolve in time as W, (r,t)=exp(—iEt/7)y, (r)
so, by linear superposition, the solution at time t is

Y(rt)=> aWy, (rt)= Zn:an exp(—iE,t/n)y, (r)



Time-dependence and expansion in eigenstates
N

Hence, for the case where the potential V does not vary
In time

rt)= Zn:an\Pn (r,t)= Zn:an exp(—iE t/n)y, (r)

iIs the solution of the time- dependent equation
with the initial condition P (r Za w, (r

Hence, if we expand the wavefunction at time t =01in
the energy eigenstates

we have solved for the time evolution of the state just
by adding up the above sum
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