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Applications of waves in communications, information processing and
sensing need a clear understanding of how many strongly coupled channels
or degrees of freedom exist in and out of volumes of space and how the
coupling falls off for larger numbers. Numerical results are possible, and
some heuristics exist, but there has been no simple physical picture and
explanation for arbitrary volumes. By considering waves from abounding
spherical volume, we show a clear onset of a tunnelling escape of waves that
both defines a limiting number of well-coupled channels for any volume and
explains the subsequent rapid fall-off of coupling strengths. The approach

works over all size scales, from nanophotonics and small radiofrequency
antennas up to imaging optics. It gives a unified view from the multipole
expansions common for antennas and small objects to the limiting plane
and evanescent waves of large optics, showing that all such waves can escape
to propagation to some degree, by tunnelling if necessary, and gives a
precise diffraction limit.

With emerging nanophotonics, increasingly we can design'? and fab-
ricate sophisticated objects down to wavelength sizes or below. Grow-
ingbandwidth demandsinradiofrequency wireless communications
require we exploit spatial channels more effectively. The resulting
antennasystems are growing toincreasingly sophisticated structures
many wavelengths insize®”. Information processing, such as for artifi-
cialintelligence, requires ever increasing numbers of channels, which
optics could provide, whether for improved inference in neural net-
works® or more generally in optical interconnects’ and processing?®.
The numbers of strong channels can determine how much and what
kind of information we can measure in sensing applications such as
microscopy or imaging or how many designable elements or basis
functions we need in design.

We can quite rigorously define suchindependent channels, math-
ematically and physically, as ‘communication modes™'. A core ques-
tion, both for design and applications, is whether we can understand
how many different (that is, orthogonal) waves or communication
mode channels can propagate in and out of objects or volumes. Such
countingisincreasingly relevantin optics now that we can controland
detectlight mode by mode" ™. This question has arguably never had a
simple answer, especially as we move through objects on scales of afew
wavelengths. Although we may believe that diffraction limits lie behind
such counting, and we can certainly calculate the orthogonal channels

and their coupling strengths for any specific case'’, we lack any simple
general model and intuition for important key behaviours (see the
examplesinref.10 and in many other analyses®* ). In particular, why
dothe coupling strengths tend to fall off rapidly past some number of
well-coupled channels? And, indeed, just what defines that number?
We show here that there is a useful and unified approach with sim-
ple results and physical intuition. This approach spans continuously
from sub-wavelength objects to large optical scales. A key concept is
theideaof tunnelling escape of spherical waves. We find that the onset
of this tunnelling can be precisely defined, allowing a clear counting
of strongly coupled channels that propagate without tunnelling. Past
this number, the tunnelling behaviour explains the fall-off and just how
rapid it must be. The complementary problem of waves focusing into
avolume similarly obeys a required onset of tunnelling that explains
the difficulty of focusing past diffraction limits. The final step in our
argument is that, for any wave from some finite volume, we can use
amathematical bounding sphere and the waves emerging from it to
describe any wave that would leave (or enter) that bounding sphere;
the sets of spherical waves are complete for describing all wavesin free
space or a uniform medium. Because we can establish the number of
spherical waves that can propagate out of thisbounding sphere without
tunnelling, we have a simple estimate of an upper bound to the num-
ber of strongly coupled channels out of any finite volume, and we can
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Fig.1| Comparison of an evanescent plane wave and an initially tunnelling
spherical wave. a, A plane wave emerging from an infinite surfacein the y-z
plane, showing evanescent (tunnelling) decay in the positive x direction.

b, Aspherical wave emerging from a spherical surface—the initial tunnelling
behaviour changes to propagating behaviour past the escape radius. The wave in
each caseis the amplitude of an oscillating wave as asnapshotin time. The wave
inais the simple evanescent, exponentially decaying plane wave. The waveinb is
the amplitude as a function of radius with the underlying 1/radius fall-off of a
spherically expanding wave removed, technically plotted for the phase where it
corresponds to the C, Riccati-Bessel function. Also shown s the effective
tunnelling barrier height for the waves. For the plane wave, this is a positive
constant. For the spherical wave, it falls off as 1/(radius)? becoming zero at the
escaperadius. When this barrier height is zero or negative, the wave is ‘above’ the
tunnelling barrier, so it becomes propagating for all larger radii. (There is no
significance to the point at which the wave and the tunnelling barrier height cross
ina; these two are different graphs.) Both waves start with unit overall amplitude,
atthe plane surface for aand at the sphere surface for b, and with the same initial
decay indistance. The plane wave in a has a transverse pattern corresponding to
n,=1.034and n,=0.674 periods per wavelengthin the zand y directions,
respectively, equivalent to k, = 2tn, and k, = 2nin, radians per wavelength. The
spherical wave in b has a spherical harmonic angular formwithn=22and m=12.
The spherical surface has radius r, = 2.9 wavelengths. The escape radius is -3.58
wavelengths, so ~0.68 wavelengths larger than r,. The tunnelling barrier height
startsat 0.524 inboth cases, being n + n3 — 1= [(k] + k3)/k*] — 1for plane
waves and [n(n +1)/(kr)?] - 1for the spherical waves, for radial distance r.

understand that the coupling strength falls off quasi-exponentially
past some number because the waves then have to tunnel to escape
(or enter) the bounding volume. This onset of tunnelling also gives a
precise definition of a diffraction limit for volumes.

Spherical waves and tunnelling
To set up our larger argument, we first describe spherical waves
and their behaviour. Just as plane waves describe waves from
(infinite) plane surfaces, so spherical waves based on spherical har-
monic and spherical Bessel functions usefully describe waves from
spherical surfaces or finite objects. Their mathematics is well under-
stood, for example, in relation to scattering from spherical objects”
and from multipole expansions of fields*** (details are provided in
Supplementary Texts1and 2).

Figure 1 illustrates the argument. For infinite plane waves
(Fig. 1a), if the wave varies too rapidly in the y and z directions, we
have evanescent decay in the x direction. Such a truly evanescent

(literally ‘vanishing’) wave never escapes to propagate in the x direc-
tion. Figure 1b shows a spherical wave that, at aradial distance r, from
the centre, has an amplitude in angle given by a spherical harmonic
function of order n. Such spherical waves retain their angular shape
as they expand radially.

Suppose this spherical wave initially varies too rapidly (in trans-
verse directions, onthe sphere surface) compared to awavelength. This
wave still expands spherically, but must tunnel radially untilit reaches
some escape radius r, for this n. Such ‘tunnelling’ is characterized
here by quasi-exponential decay, initially similar to the evanescent
decay of the plane-wave case above. After the escaperadius, the wave’s
transverse variation is slow enough that it can start to propagate, in
a quasi-oscillatory spherical wave similar to the spatially oscillatory
behaviour of a propagating plane wave.

Although the wave amplitude remaining after tunnelling may be
quite small, that wave will continue expanding, settling to an -1/radius
decay of its amplitude, as in a spherically expanding propagating wave.
So,waves fromfinitebodies, evenifthey start out somewhat evanescently,
donotremainso. Atleast to some degree, they escape to propagation.

Scalar waves
Tojustify thisargument, we analyse spherical waves, starting with the
scalar case, with aHelmholtz wave equation:

V2U(r) + K*U(r) =0 1

for awave U(r) of frequency f, in a uniform medium such as vacuum,
airoranisotropicdielectric. (For some wave velocity v, the wavevector
magnitude k = 21t/A, = w/v, where the wavelength and angular frequency
arel, = v/f,and w = 21tf,, respectively.) Using complex waves with time
dependence exp(-iwt), first we note that a plane wave solution has the
form U(r) « exp(ik - r) in space, with wavevector k = kX + k¥ + k.2,
wherek,, k,and k,are the wavevector componentsinthex,yandzdirec-
tions (with corresponding unit vectors X, y and 2). Such a solution
exp(ik - r) = exp(ik,x) exp(ik,y) exp(ik,z), of equation (1), implicitly
ininfinitespace, is separableas U(r) = X(x) (1) Z(2), with k2 + kZ + k2 = k?
If kﬁ + k% > k%, then X(x) « exp (—kx ), where k =, [KG+k2-k2; presuming
any sourcesareonthe ‘left’, in the region withx < 0, we take the positive
squareroot. Thisis the classic evanescent wave, decaying exponentially
for all x> 0. Note that it never becomes a propagating wave for any
positive x, and the change from propagating to evanescent is totally
abruptassoonas k3 + k2 > k2,

We can write the separated equation for X(x) (Supplementary
Text1.1) as

2
d“§(p)
——+ V = Ei 2
ap? + (p)§(p) = ES(p) )
where p = kxand X(x) = §(p), whichisin the form of aone-dimensional
Schrodinger equation®, with a ‘potential’ energy V(p) = (k; + k2)/k?
(hereactuallyindependent of p), and an ‘eigenenergy’ F = 1. Quite gen-
erally, an equation like equation (2) can be trivially rewritten as

d’&(p)
dp2

=[V(p)-E(p) 3

So, if V(p) > E (apositive tunnelling barrier height), the second deriva-
tive has the same sign as the function £(p). That means, for positive
values of the function, the function is curving up for increasing p (or,
for negative function values it is curving down), which is a character-
isticwe seein exponential curves, and we can call this case ‘tunnelling’
or (quasi) exponential. Conversely, if V(p) < E (a negative tunnelling
barrier height), the second derivative has the opposite sign from the
function. Then, if the function is positive, it is curving down, forcing
it to cross the axis to become negative with increasing p. Once it is
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negative, it then starts curving up, forcing it to cross the axis again to
become positive, and so on. Thisis a characteristic seen in oscillatory
functions, like sine waves, and we call this case ‘propagating’ or (quasi)
oscillatory. (Other recent work? has explored an abstract quantum
tunnelling approach with finite plane surfaces, though our spherical
approach here s different.)

The scalar Helmholtz equation (1) can also be solved in spherical
polar coordinates, r, 0and ¢ (for example, ref. 25; Supplementary Text
1.2). Specifically, one canlook for separable solutions U(r) = R(r)Y(6, ¢).
Theangular solutions Y(6, ¢) are the spherical harmonics Y,,,(6, ¢), with
n=0,1,2,...and, using the complex forms, —n < m < n (for example,
ref. 26). The radial solutions R(r) are the spherical Bessel functions
z,(kr),alsoforn=0,1,2, ....Usingadimensionless radial variable p = kr,
these radial functions satisfy the differential equation

52 d’z,(p) 423

2 _ =
dp? dp +(p*—n(n+1)z,(p)=0 4)

Spherical Bessel functions of the first and second kinds, respectively

Ja(p)andy,(p), givetwo (real) independent solutions of equation (4). For
agivenn, linear combinations of these are also solutions. In particular,
the spherical Hankel function of the first kind

B (P) = ja(P) + Va(p) ®)

corresponds to outward-propagating waves at large distances. (The
notationz,(p) standsinforany ofj,(p),y,(p) or hg)(p) inequation (4).)
Allthese solutions have an underlying 1/ror1/p dependence at large r
or p, which corresponds to them falling off ultimately as spherically
expanding waves. Indeed, specifically,

i exp(ikr)
kK r

.exp(i
K ~ 1250

(6)

isaspherically expanding propagating wave as r — co.

We can multiply by radius to take out this underlying 1/r or 1/p
dependence, giving radial solutions then expressed using what are
known as Riccati-Bessel functions, S,(p) = pj.(p) and C,(p) =-py,(p),
andin particular, the ‘outgoing’ Riccati-Bessel function

&(p) = ph(p) = Su(p) — iCa(p) %)

Such functions canbe convenient for viewing the wave more as afunc-
tion of angle rather than transverse position at any radius.

Thereis, however, one other very important consequence of using
aRiccati-Bessel functions like €,(p): they obey the Riccati-Bessel dif-
ferential equation, which can be written

d*&(p) | n(n+1)
_d—p2 + p2 En(p) = En(p) (8)
(Note that substituting from equation (7) in equation (8) will recover
equation (4).) This equation is now in exactly the Schrédinger form
asinequation (2). ‘Eigenenergy’ £ is equal to 1as before, but now the
effective radial potential is

v = 2 ©)

which falls off (as 1/p?) with radius p or r (= p/k). We can usefully now
define the ‘escape radius’ as

Pescn = \/n(n + 1) or, equivalently,
1
LR NS )

(10)

I, = — —
escn k 21t

which marks the boundary between tunnelling and propagating behav-
iour for the wave, that s, the point ror p at which V(kr) = E(=1). So, we
have the following outgoing wave solutions:

Unm(®) = h (KDY (6, @)

Ea(kr)
kr

(8))

Ym0, ) n=0,1,2, ..., —n<m<n

If an outward wave has an angular form Y,,,(6, ¢), then for r <r,,, this
wave (in the Riccati-Bessel form &,(kr)) is tunnelling outwards, but
onceit passes the escaperadiusr,,, itbecomes propagating, escaping
at least to some degree. This contrasts with (infinite) plane waves of
the form U(r) « exp(ik - r). If such waves start out as evanescent (so
with k§ + k2 > k?), they remain evanescentat allx, eventually vanishing
completely.

Thewave plottedinFig.1bis such aRiccati-Bessel function, show-
ing tunnelling-like behaviour up to the escape radius, and propagating
behaviour for larger radii. (See Supplementary Fig. 5in the Supplemen-
tary Text for the behaviour as afunction of time.)

Although this transition between tunnelling and propagating
behaviouratthe escaperadiusis clear from differential equation (8), it
isnot atall obvious from the usual algebraic expressions for spherical
Bessel or Riccati-Bessel functions, which involve series of inverse pow-
ersofthe radius together with sine and cosine functions (for example,
ref.25, p.426); this may be why this tunnelling behaviour is not already
better known.

Incidentally, the scalar spherical waves found in this way are also
the waves associated with the communication modes®'° between
spherical surfaces (Supplementary Text 3).

Vector electromagnetic waves

There are three different forms of vector wave solutions to the vector
Helmholtz equation (Supplementary Text 2), with one ‘longitudinal’
and two ‘transverse’ polarizations. The angular aspects are describable
based onthree vector spherical harmonic functions. Importantly, the
tunnellinginthe radial behaviour R(r) described above for scalar waves
persists into the vector cases.

Although thelongitudinal wave exists for sound and elastic waves,
electromagnetic waves have just two, transverse forms. Each of those
isseparableintoradialand angular parts, with the radial parts obeying
the same equation as the function R(r) above, but with the angular part
being a vector spherical harmonic function. Explicitly, for outgoing
waves, we have aset of transverse electric (TE) waves, with the electric
field (from equation (134) in the Supplementary Text) given by

B0, 0, 0) = iy /£ KD W10, )

= i\/g @cmn(e, P n=12 .,-n<m<n
(12)

and transverse magnetic (TM) waves, with the magnetic field (from
equation (138) in the Supplementary Text) given by

HOY(r, 0, ¢) = i A (k)Cpn(6, @)

(13)
=i f"l((Ir(r)Cm,,(O, ¢)n=12,..,—-n<m<n
Here, C,,, is the vector spherical harmonic function
cmn(e’ P)=Vx [rynm(e: ¢)]
(14)

=VY,,(6, ) xrn=1,2,.., —-n<m<n

Nature Photonics | Volume 19 | March 2025 | 284-290

286


http://www.nature.com/naturephotonics

Article

https://doi.org/10.1038/s41566-024-01578-w

a [
10 : 10 F [
& e}
;,: 0.8 - 08 -
= r,=2.9
o 06} - 06
é;: . : Tunnelling Tunnelling
% 0.4 - Propagating \ escape 04 - escape
=)
L 02r 0.2 -
<
~ o I I L I o Lt L L
(0] 5 10 15 20 25 ] 200 400 600
10° ¢ 10° £
E Ei
-9 [ | ro=25
| §
& 3107L 02 107
5@ E Bl
= 0 i
T i
=3 i
®E107E 102 &}
[CRRe)] i
x © 1
: | 1 |
U1 YR NS S YIS U NP P TRPVAWIND L TPVY1 AU R SO |0
10° 10 10? 10° 10’ 10? 10° 104

Cumulative no. of
spherical waves (n +1)2

Spherical wave n

Fig.2|Far-field spherical wave strength with increasing order n. a-d, Relative
far-field strength y,(kr,) = |€n(oo)|2/|£,,(kro)|2 of the outgoing Riccati-Bessel
function of order n for various values of the starting radius r, in wavelengths,
plotted inaand b against n, and in cand d parametrically against the total
number (n +1)? of scalar spherical waves up to and including waves of order n.
Solid lines are to guide the eye. n,, (vertical dotted lines on aand b) is the largest n
for whichall waves start out as propagating from the given radius r,. N, = n,(n, + 2)
(vertical dashed lines in cand d) is the total number of such waves. Ng;, = (kr,)?
(vertical dash-dotted lines on cand d) is the spherical heuristic number.aand ¢
use linear scales, with r, = 2.9 wavelengths as in Fig. 1. (The n = O point, which does
not exist for electromagnetic waves, is showninaand c.) For r,=2.9 wavelengths,
n,=17; N, =323; N5, ~ 332.01.band d show results for r,0f 0.2,1,5and 25
wavelengths onlogscales. The values of n,, N,and Ny, forr,= 0.2,1,5, 25 are,
respectively,n,=0,5,30,156; N, =1,35,960, 24,648; Ny, ~1.58, 39.48, 986.96,
24,674.01.

Note explicitly that radial behaviour is given by functions hle)(kr) or
&,(kr),just asin the scalar case. The main differences are as follows:

» We have two waves for each choice of nand m, which we can view
as being TE- and TM-polarized waves, respectively.

« Their angular form, which is vectorial, is based on the gradient
VY, of the sphericalharmonicrather thanjust the (scalar) spheri-
cal harmonic Y,,, directly. Because Y,,,(8, ¢) only depends on
angles, not radius, VY, only has vector componentsin the & and
¢ directionsonthe sphere surface, soitand the functionC,,,(6, ¢)
containonly transverse components—vectors thatlieinthe sphere
surface.

« Incontrast to the scalar solutions (equation (11)), there are no
electromagnetic waves forn=0.

The electric field EEJ,IM) corresponding to H,JnM) and the magnetic
field HfJnE) correspondingto E(nf,'f)are givenby Supplementary equations
(137) and (133), respectively. The TE and TM waves for agiven nand m
describe perpendicularly polarized waves, with EE,LM) perpendicular
to Eff,,f), and similarly for the magnetic fields Hg,f)and H;LM). Thepolari-
zations of both Ef.,T,,f) and HfJnM) arealways transverse (perpendicular to
the radius vector r), and the corresponding fields E;” and H'® are
transverse in the far field, though they have radial components in the
near field.

Thisapproach corresponds exactly to the multipole expansion of
outward-propagating electromagnetic fields. We write fields in forms
equivalenttoJackson’s definitions®, and derivations of equations (12)
and (13) can be found there* (Supplementary Text 2 provides general

vector wave derivations). Our tunnelling analysis conceptually con-
nects multipole and quasi-evanescent behaviours in one formalism.
These vector spherical waves are the waves associated with the (vec-
tor) communication modes between spherical surfaces or volumes'.

Note that our analysis also tells us that, to observe strong radiation
from high-n multipoles from some object, to avoid having to tunnel
to escape the object would have to be essentially of the scale of twice
the escape radius (so the diameter of the bounding sphere) for that n.

Counting waves from spherical surfaces

The escape radius allows a useful counting of waves associated with a
spherical surface of radius r,.. There isamaximumvalue n, of nfor which
all the associated spherical harmonic waves propagate without tun-
nelling to escape, which requires r, > r.,, for agiven n. From equation
(10), solving the quadratic equation n(n + 1) = (kr,)?, the largest n for

which kr, > yn(n+1)is

ny(ro) = floor [\ [(1/4) + Ngyy — (1/2)]

(floor(u) isthe largest integer < u). Here, Ny, is the ‘spherical heuristic
number’:

s

Ney = (kro)’ = 43’% = /245 (16)
Ag/m)y  (Ag/m)
where Ag = 41ir? is the area of the spherical surface. (The concept of
Ny, was introduced empirically in ref. 10; this algebraic definition of
Ny also emerged in analytic work on spherical waves'. Note too that
the rule of thumb of using n up to -kr, in spherical wave scattering
expansions (ref. 28, p.126) is nearly the same as these results.) Note
that, for kr, < /2, or, equivalently, Ny, <2 or r, <r.., where
Feser = Ao/(V21) = 0.2251, 17)

only the n = 0 wave propagates without requiring tunnelling escape.
Because there are no n = 0 electromagnetic waves, all electromag-
netic waves from (bounding) volumes smaller than this radius r.y,
must tunnel to escape. This difficulty that electromagnetic waves
have in getting out of small volumes is consistent with the well-known
Chu antenna limit®, which states that the antenna Q-factor must

a n,=3
Fescs= 0.551
g np=2 AR
o 15F re=0390 T
o -
o C H
g3 !
= L NLZ
SR loos i
5% RS P
® 0
Qa6 5t
§ Lomd i N,=3
=2
O L L L

!
o] 0.2 0.4 0.6
Sphere radius (wavelengths)

Sphere radius (wavelengths)

Fig.3|Number of waves (per polarization for electromagnetic waves) that
start out by propagating, as afunction of the sphere radius. This number is
shownas the stepped dashed line. The solid line is the spherical heuristic number
Ny, showingitis agood approximation, even down to small radii. Also shown

are corresponding values of n,, N, and the escape radius r,,., (in wavelengths).
a,Resultsonalinearscale. b, Results on alog scale, with example

Va(kry) = \E,,(oo)lz/lfn (kro)l2 values as the relative far-field magnitude squared
of the spherical wave, with numbers of waves shown for y,(kr,) > 0.1and >0.01.
Dotted lines connecting points are just to guide the eye. Also indicated are several
example n, values (1,3, 9 and 27) and their corresponding escape radii 7, in
wavelengths.
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Source
volume

Fig. 4| A spherical bounding surface that just encloses some source volume
or object. Any waves from the source volume that reach the spherical surface can
be described in terms of spherical waves on that surface.

increase for small antennas. Indeed, we expect that the energy stor-
ageinthe quasi-exponential ‘tunnelling’ part of these waves should
form partof the reactive field around such small antennas. Note again
that there is no corresponding requirement for scalar waves, such
asnormal sound waves, which s consistent with small microphones
and loudspeakers not having a corresponding limit and high Q-factor
requirement, and hence remaining quite effective even for deeply
sub-wavelength sizes.

We can now calculate the total number N, of (scalar) spherical
harmonicwaves with values of nup to (andincluding) n,. Because there
are 2n +1different m values (and hence spherical harmonics Y,,,) for
eachn, itisthe case that

p
Nps =143 +5+--Qn,+ 1= > 2q+1) = (n, +1)°
q=0

(18)

For electromagnetic waves, with no n = O waves, we remove that one
wave, giving

Np =Nps —1=n,(n, +2) (19)
which s the number of such electromagnetic waves per polarization.
Because the Riccati-Bessel §,(kr) functions take out the underly-
ing 1/r decay of spherical waves, a simple metric for how effectively a
spherical wave of index n propagates outwards from a radius r, is the
relative far-field magnitude squared:
Va(kro) = [€4(00)I*/|&,(kro)[” (20)
Incidentally, for agivenn, this coupling y, is the same for every mvalue;
this might seem surprising given the different associated shapes of V,,,,,
although analogous behaviours can be seen in other spherical prob-
lems, such as the independence of the hydrogen-atom energies from
the corresponding m quantum number®. Note, too, that n is always
the total number of nodal circles in a spherical harmonic, independ-
ent of the mvalue.

InFig.2a,c, we plot y,(kr,) against n,and in Fig. 2b,d parametrically
against the cumulative number (n + 1)? of scalar waves (equation (18)).
(Supplementary Fig. 6 also presents curves like Fig. 2a,b for differ-
ent radii of spherical surfaces.) We see several interesting and useful
behavioursinFig. 2.

« For small volumes—for example, a few wavelengths or smaller
in radius—relatively quite a few waves can escape by tunnelling
with usefully large (for example, >1072) propagating amplitudes.

« The spherical heuristic number N, is a good approximation to
the total number N, of waves (per polarization) that start out as
propagating.

« Astheradiusof the spherical volumeincreases, asmaller fraction
ofthe waves can usefully escape by tunnelling, compared to those
that start out as propagating. So, the transition to waves that must
tunneltoincreasing weak escape isincreasingly relatively abrupt
for larger volumes. So, in practice, with increasing size, we tend
towards asimpler categorization of waves being either propagat-
ing or (approximately) evanescent.

The actual number of waves that propagate strictly without tun-
nellingisaseries of steps of integer height as afunction of the radius of
the spherical surface (Fig. 3). The number N, is a continuous smooth
functionthat passes throughthose steps (Fig. 3). Hence, it can, overall,
beagood simple estimate for this number N,.

Note that Ng, in equation (16) is also the area As = 412 of the
spherical surface divided by an area A2/1. So Ny, corresponds to one
suchwave for every A2/mof area on the sphere, connecting this spheri-
calwave behaviour to heuristic diffraction limits in conventional opti-
cal systems with more planar surfaces, which limit focal spots to
approximately a (square) halfwavelength because of diffraction. Note,
too, that at moderate to large n, we have n, ~ \/Ngy = 21r,/A,, which
is the circumference of the sphere in wavelengths.

Figure 3 also shows the number of waves that couple to the far
field with coupling y, (equation (20)) greater than specific values of
0.1and 0.01. (These would correspond to horizontal lines at 10" and
1072 on Fig. 2d.) Some such waves will be tunnelling to escape, but
might still be practically useful, for example, for communications
or sensing. We see that there are quite substantial numbers of such
additional waves for a small sphere radius, though relatively fewer
for larger radii.

Although we consider only outgoing waves explicitly here, in
practice these same numbers of waves also correspond essentially
to the number of incoming waves that can penetrate into an empty
spherical (bounding) volume (Supplementary Text 4). Spherical waves
beyond this limit will essentially reflect off an empty spherical volume
of free space (becoming standing waves), so objects smaller than this
volume are essentially invisible to, or ‘self-cloaked”° from, such waves.

Waves from arbitrary volumes

Now we can formally complete our argument on counting strongly
coupled waves from arbitrary volumes. The sets of scalar and elec-
tromagnetic spherical waves we have constructed are complete for
describing any (outgoing) wave onaspherical surface. Hence, they can
also describe any wave emerging from sourcesin avolume enclosed by
thatboundingspherical surface (Fig. 4). Because we have established
how many orthogonal basis-set waves can emerge from this spherical
surface without tunnelling, we have established an upper bound on
the maximum number of orthogonal waves that could emerge from
the source volume without tunnelling. We could also extend this esti-
mate to allow for waves that could tunnel from the spherical surface
to escape to some specified degree.

Heuristic result for restricted solid angles

Once the spherical surface becomes several wavelengths or larger in
size, the number of waves (per polarization) that propagate without
tunnelling becomes quite large. At radii of -3, 5and 10 wavelengths,
for example, these numbers are ~350, 1,000 and 4,000, respectively.
So, we candivide Ny, by 4Tt steradians to obtain, for aspherical surface
ofradiusrs, the (approximate) number of propagating waves per unit
solid angle:

Ng ~ (21)

&3

Imagine, then, some receiving surface of area A at some (perpen-
dicular) distance L from the centre of the spherical surface (Fig. 5), so
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Fig. 5| Construction for waves to a finite receiving surface. Abounding
spherical volume of radius rs surrounds a source of circular cross-sectional area
Ar = nrg communicating to areceiving surface of area A atadistance L.

subtending a solid angle Q ~ A./L% Then from equation (21) we could
estimate a total number of propagating wave channels

_T[rgAR
= —SOR

2

2L

(22)

where A7 = nrg,which wenoteisthe apparent circular cross-sectional
areaof the source volume (Fig. 5). We note that equation (22) is exactly
the number previously deduced as the ‘paraxial heuristic number’ of
well-coupled channels between planar source and receiver spaces'™
(equation (64) inref. 10). (See also appendix A in ref. 10 for the many
heuristic derivations of the number.) So, if we count only those waves
that do not require tunnelling to escape, we can derive previous heu-
ristic results for the ‘diffraction-limited’ number of channels in par-
axial optical systems. (Note, too, that N, equation (21), is not itself
restricted to paraxial cases.) These approaches could also be viewed
as asking for the approximate number of these (spherical harmonic)
basis functions required to adequately describe the resulting possible
waves on the receiving surface from such a source volume.

Discussion and conclusions
We have shown a unified way of thinking about waves in and out of
volumes, from the propagating and evanescent fields of large optics
to the multipole expansions of antennas and nanophotonics. This is
based rigorously on the propagation of spherical waves associated
with the spherical bounding surface around some volume or object.
For all volumes from approximately a wavelength scale and upwards,
amaximum number of well-coupled waves or orthogonal channels is
understood as those that do not have to tunnel to escape the spherical
surface. This onset of tunnelling corresponds to a ‘knee’ in coupling
strength after which coupling falls rapidly because of the tunnelling.
Acorrespondingescaperadius res., = (\/n(n + 1))A,/2mcharacterizes
thelargest order n of spherical wave of wavelength A, that can propagate
from such a spherical surface without initially tunnelling. A spherical
heuristic number Ng,, corresponding to one wave for every A2/m of
areaonthespherical surface, approximately but usefully characterizes
the number of well-coupled waves (per polarization) and the position
of the ‘knee’in coupling strength. With increasing radius of the volume,
therelative fall-offfrom tunnelling becomes progressively more abrupt,
asymptoting towards the complete abruptness of the onset of truly
evanescent behaviour for infinite plane waves. Note, though, that such
truly evanescent waves are an artefact of the assumption of infinite
plane waves; all corresponding waves from finite bodies eventually
escape to some degree by tunnelling. (Note, incidentally, that similar
radial tunnelling, propagating and escape behaviour can be derived
for circular and cylindrical waves (Supplementary Text 5).)

Finally, this approach allows us to propose a precise definition
ofthe diffraction limit: for awave interacting with a volume, the wave
passes the diffraction limit if any spherical component of the wave

must tunnel to enter or leave the bounding spherical surface enclos-
ing the volume.

Online content

Any methods, additional references, Nature Portfolio reporting sum-
maries, source data, extended data, supplementary information,
acknowledgements, peer review information; details of author contri-
butions and competinginterests; and statements of dataand code avail-
ability are available at https://doi.org/10.1038/s41566-024-01578-w.
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