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Integrated multimode quantum optics is a promising platform for scalable continuous-variable quantum
technologies leveraging multimode squeezing in both the spatial and spectral domains. However, on-chip
measurement, routing and processing the relevant “supermodes” over which the squeezing resource is
distributed still scales quadratically with the number of modes N , causing a rapid increase in photonic
circuit size and number of required measurements. Here, we introduce a variational scheme, relying on
self-configuring photonic networks (SCNs) that learn and extract the most-squeezed supermodes sequen-
tially, reducing both the circuit size and the experimental overhead. Using homodyne measurement as a
cost function, a sparse SCN discovers the l � N most significant supermodes using O(lN ) physical ele-
ments and optimization steps. We analyze and numerically simulate these architectures for both real-space
and frequency-domain implementations, showing a fidelity close to unity between the learned circuit and
the supermode decomposition, even in the presence of optical losses and detection noise. In the frequency
domain, we show that circuit size can be further reduced by using inverse-designed surrogate networks,
which emulate the layers learned thus far. Using two different frequency encoding schemes—uniformly
and nonuniformly spaced frequency bins—we reduce an entire network (learning all N supermodes) to
O(N ) and even O(1) modulated cavities. Our results point toward chip-scale, resource-efficient quantum
processing units and demultiplexers for continuous variable processing in multimode quantum optics, with
applications ranging from quantum communication, metrology, and computation.

DOI: 10.1103/mcmq-qf4p

I. INTRODUCTION

Recent years have seen a surge of interest in the field
of multimode quantum optics with squeezed light [1–14],
with many applications for quantum technology [2–5,12,
13,15–19], fundamental studies of light-matter interac-
tions [20,21], and nonlinear dynamics of quantum noise
[22–24]. One of the main drivers for the recent
progress has been the promise of realizing high lev-
els of squeezing on chip [12,25–33], owing to devel-
opments of low-loss, nonlinear integrated platforms for
photonics. These are especially exciting for quantum
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optical applications employing squeezed states, ranging
from quantum communication [3,4,19,34], continuous-
variable quantum computation [2,12,13,16,18,35,36], and
distributed quantum sensing [15,17].

Squeezing has become an extremely important quan-
tum resource; however, its measurement often requires
complex tomography over multiple degrees of freedom.
Indeed, squeezing generated by many sources is often
broadband and dispersed among multiple modes, such
as spatial, spectral, and temporal bins, forming so-called
squeezed “supermodes” [1,2]. Harvesting the squeezing
resource—e.g., for use in quantum sensing and metrology
[15,17]—entails the discovery of the exact superposition
of modes the state is in. Moreover, multimode squeezed
states are increasingly employed as a platform for multi-
plexed quantum information encoding, enabling quantum
information to be distributed and processed across a large
number of modes [2,12,13,16,18,35,36]. Multiplexing of
continuous-variable quantum information has emerged
as a key enabler for scalable photonic quantum tech-
nologies. Multiplexed squeezed states underpin Gaussian
boson sampling experiments [12], quantum computation
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with large-scale cluster states [2,36,39], and multiuser
continuous-variable quantum networking [40–42]. How-
ever, the rapid increase in the mode number poses a big
challenge in hardware. For this reason, it is imperative
to have experimental methods for processing multimode
squeezed states in a hardware-efficient manner.

Current measurement techniques [3,4,7–10,43–45] gen-
erally rely on direct quantum state tomography using
homodyne detection (HD) [1] with a local oscillator (LO)
shaped into arbitrary superpositions of modes using, e.g.,
off-chip pulse shapers [3,4,10], spatial light modulators
and masks [7,43], or nonlinear interferometers [8,30,44];
other techniques employ direct measurement of spatial [9,
45] or spectral [46] intensity correlations. On-chip imple-
mentations [11,12,16,47–49], on the other hand, usually

employ quantum processing units (QPUs) comprising
programmable meshes of Mach-Zehnder interferometers
(MZIs) [50–52] to implement a general unitary transfor-
mation on the basis of modes, followed by a measurement
stage at the output. These architectures are particularly
important if we wish not only to measure but also to
generate, shape, and route squeezed supermodes for fur-
ther quantum communication, computation, and sensing
applications.

However, there remains a major challenge to scaling up
multimode quantum information processing implemented
on-chip. For quantum states encoded in N modes, QPUs
require O(N 2) physical elements to fully determine all
the supermodes. Furthermore, unless simplifying assump-
tions can be made on the symmetry of supermodes [4,10],

(a)

(b)

FIG. 1. Variational processing of multimode squeezed light using self-configuring optics. Squeezed supermodes are processed by
a self-configuring network. The network comprises a mesh of Mach-Zehnder interferometers in a layered structure, where different
layers are color-coded. Each layer has a single output port, while the rest of the ports are fed to the next layer. Output ports are
routed through a layer of cross/bar switches to the homodyne measurement stage with a continuous-wave local oscillator. Consecutive
learning of each layer’s Mach-Zehnder interferometer parameters is performed by optimizing over the homodyne signal (as in Fig. 2),
while parameters are updated with electronic feedback. Once learning has converged, the output port of layer i is guaranteed to carry
the ith most squeezed supermode, and the Mach-Zehnder interferometer parameters of layer i correspond to the expansion coefficients
of supermode i. For sparse networks (where the number of layers is smaller than the number of modes), the remaining unprocessed
outputs carry the lowest squeezing and span a subspace orthogonal to the discovered supermodes. If one wishes to find the first l � N
dominant supermodes, then the number of physical elements required is O(lN ). Here, two out of six modes are chosen to demonstrate
the network’s ability to find the first two most squeezed supermodes. (a) Implementation in the spatial domain. Modes are encoded
in the path degree of freedom (e.g., waveguide number), and Mach-Zehnder interferometer meshes are physically implemented on
chip. (b) Implementation in the frequency domain. Modes are now encoded using frequency bins. With the equivalent of a frequency-
domain Mach-Zehnder interferometer scattering element coupled to a waveguide [37] (see derivation in the Supplemental Material,
Section S12D [38]), meshes are implemented in synthetic dimension, and the continuous-wave local oscillator can be tuned to a
specific frequency bin being measured. We note that in the frequency domain architecture, the squeezed supermodes are now routed to
different frequency bins, to be separated and processed independently.
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one generally needs to tomographically reconstruct the
entire state to find even a single supermode, which requires
O(N 2) measurement steps in the worst case. This quadratic
scaling constrains not only spatial meshes of integrated
MZIs [52–54], but also integrated QPUs implemented in
the frequency domain [11,55] using spectral beam splitters
[37].

Here, we propose alternative schemes for measuring,
processing, and decomposing multimode squeezed states
in the spatial and spectral domains, relying on variational
principles. Our method employs self-configuring networks
(SCNs) [56–63], a layered architecture for photonic cir-
cuits that allows automated sequential decomposition of
an optical input into its eigenmodes. We show that by
maximizing over a homodyne detection signal at the out-
put of each layer of the SCN (see Fig. 1), with respect
to the MZI variables of the layers, we can sequentially
find the most squeezed supermodes in the system, while
routing their respective squeezing into corresponding out-
put ports. This permits favorable scalings with the number
of modes, in both the quantity of on-chip physical ele-
ments and the number of iterations required for finding
the dominant supermodes. Note, too, that this separation
into supermodes by self-configuration does not rely on any
calibration of the MZIs nor on their perfection. We then
propose and analyze different architectures realizing these
variational processors in both the spatial and the spectral
domains, where the use of the synthetic frequency dimen-
sion [64] enables us to compress the spatial footprint of the
entire circuit even further down to O(N ) and even O(1)

physical elements. Our approach paves the way towards
scalable on-chip processing of high-dimensional squeezed
states, with applications to quantum communication, sens-
ing, and computation.

The paper is organized as follows. In Sec. II, we intro-
duce the theoretical background on the squeezed super-
mode decomposition (the Bloch-Messiah decomposition),
introduce the self-configuring architectures in both the spa-
tial and spectral domains for efficiently learning the super-
modes, and discuss and numerically analyze the variational
algorithm used for the learning procedure. Based on these
foundations, in Sec. III, we introduce more advanced self-
configuring architectures in the frequency domain, which
utilize the concept of surrogate networks that can further
improve scalability. We then discuss in Sec. IV the exper-
imental considerations for implementing our schemes and
conclude with a discussion of future outlook in Sec. V.

II. VARIATIONAL PROCESSING OF
MULTIMODE SQUEEZING

A. The Bloch-Messiah decomposition

We denote the quadratures of mode i as xi = ai + a†
i

and pi = (ai − a†
i )/i, where ai is the photon annihilation

operator. In a multimode state of N modes, these
quadratures form a 2N -long quadrature vector �q =
(x1, x2, . . . , xN , p1, p2, . . . , pN ). The covariance matrix is
given by the 2N -by-2N , positive semidefinite and symmet-
ric matrix

� = 1
2

〈δ�qδ�qT + (δ�qδ�qT)T〉 , (1)

where δ�q = �q − 〈�q〉. Processing multimode squeezed
states then involves the measurement and subsequent
decomposition of the covariance matrix, which encodes
the entire information about the squeezed supermodes.
Owing to the Bloch-Messiah decomposition (BMD) [1,
65], and in the presence of mode-independent photon loss,
we are able to decompose the covariance matrix into a
diagonal form via

� = (1 − p)OK2OT + pI , (2)

where O = [ReU, −ImU; ImU, ReU] is a 2N -by-2N
real orthogonal matrix corresponding to a general N -
by-N unitary mode mixing transformation U, K =
diag(er1 , er2 , . . . , erN , e−r1 , e−r2 , . . . , e−rN ) is a diagonal
squeezer, with rj denoting the j th squeeze parameter, I
denotes the identity matrix, and p is the photon loss prob-
ability. Once the BMD of Eq. (2) is known, the complex
coefficients of the ith supermode (i = 1, . . . , N ) can be
inferred from the ith row of the orthogonal matrix O,
and the amount of antisqueezing (respectively, squeez-
ing) carried by this supermode can be read from the
ith (respectively, i + N th) diagonal element of �D. For a
more comprehensive overview of the covariance matrix,
symplectic transformations, and the BMD [1], see the Sup-
plemental Material, Sections S1A and B [38]. The case of
mode-dependent losses is dealt with in the Supplemental
Material, Section S2E [38].

B. Self-configuring architecture in the spatial domain

For a highly multimode system, a desirable aspect of
a device implementing the BMD is to not only recon-
struct and measure the most squeezed supermodes, but
also routing their respective squeezed quadratures into dif-
ferent output ports for further use. We will now show,
using self-configuring architectures, how this procedure
can be performed sequentially and automatically, where
the photonic circuit discovers the most squeezed super-
modes first. We do this for both the spatial (Fig. 1a)
and the frequency [Fig. 1(b)] domains, as discussed
below.

The proposed self-configuring architecture for imple-
menting our variational processors of multimode squeezed
states in the spatial domain is depicted in Fig. 1(a). The
spatial bins are encoded in waveguide modes, and the pho-
tonic circuit is implemented through a mesh of MZIs. Each
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MZI in the spatial domain comprises two 50/50 beam-
splitters and two electrically controllable phase shifters
(e.g., using thermo-optical control), phases of which we
denote by θj and ϕj for the j th MZI. Self-configuring net-
works [52,56,57] comprise a cascade of layers of such MZI
elements, with a specific topology: every input port has
exactly one path through MZI blocks to the output port of
the layer [57]. Examples include diagonal layers [depicted
in Fig. 1(a)] as well as binary tree layers [57] and combina-
tions thereof. Recently, such networks have been proposed
[59,60] and experimentally demonstrated [58] to sequen-
tially find eigenstates of classical communication channels
[58], partially coherent light [59,66], and Schmidt modes
of entangled photon pairs [60]. Unlike previous works,
here we propose to employ self-configuring networks for
the processing of multimode squeezed states, where the
cost function for optimization is based on homodyne mea-
surements. We make use of a variational principle to allow
the network to automatically and sequentially learn the
most significant supermodes and route them to separate
output ports. This concept will provide the foundation
for the more advanced architectures proposed later in the
paper.

The input squeezed light comprises unknown super-
modes [green, red, and magenta envelopes in Fig. 1(a)],
dispersed over a discrete set of waveguide modes. The
input state enters a self-configuring network: in this exam-
ple, the number of bins is 6 whereas the network consists
of two diagonal layers of MZIs. The output of each layer is
the top right port in the spatial implementation [Fig. 1(a)].
After propagating through the network, the output port
of layer 1 [denoted as out1 in Fig. 1(a)] is routed to a
homodyne measurement stage using selection switches,
comprising MZI elements set to either totally transmit
(“bar”) or reflect (“cross”) the input. The homodyne mea-
surement is optimized (as will be described below) with
respect to the MZI parameters of layer 1 until conver-
gence, where electronic feedback is used to update the
layer parameters.

Once the learning of the first layer has converged, the
light in output port 1 is guaranteed to carry the squeezed
quadratures of the most squeezed supermode, as explained
below. The process can now be repeated to learn the sec-
ond layer, cascaded to the first, where the parameters of
layer 1 remain fixed. The output of the second layer will
then carry the squeezed quadratures of the second-most
squeezed supermode. If the network is sparse (the number
of layers l smaller than the number of modes N , as in the
example in Fig. 1), then all spatial modes orthogonal to the
first l supermodes will remain unprocessed and routed to
unused output ports. A key advantage made possible by the
self-configuring architecture is, therefore, its ability to har-
vest the strongest squeezing resource encoded in the first
l supermodes using sparse photonic circuits consisting of
O(lN ) physical elements.

C. Self-configuring architecture in the frequency
domain

We propose a similar architecture for self-configuring
networks in the frequency domain, as depicted in Fig. 1(b).
The input light travels in a single spatial mode in a waveg-
uide and processed via scattering off electro-optically mod-
ulated micro-ring cavities side-coupled to the waveguide.
The modes are encoded in frequency bins, which corre-
spond to the resonance frequencies of the integrated ring
resonators used to generate the squeezed light [31,32]. In
the spectral implementation, the photonic circuits are built
from units of integrated frequency-bin MZIs [37,55], each
comprising two modulated rings that can selectively cou-
ple pairs of frequency bins through a scattering process
[37,55] [see Fig. 1(b)]. The derivation of the unitary 2 × 2
MZI transformation is derived in the Supplemental Mate-
rial, Section S1D [38]. As in the spatial domain, the j th
frequency-domain MZI is controllable by two degrees of
freedom θj and ϕj which correspond to the amplitude and
phase of the electro-optic modulation of the MZI. Such
integrated frequency-domain MZIs have been recently
demonstrated experimentally [37]. Their operation princi-
ple relies on a mode splitting between two coupled ring
cavities [37], where the splitting should correspond to the
frequency-bin spacing of the input (e.g., the free spectral
range (FSR) of the cavity generating the squeezed light).

The self-configuring layers are then built by cascading
frequency-domain MZIs, as depicted in Fig. 1(b) for a
diagonal layer, where the j th MZI couples the j th and j +
1-st frequency bins. An input multimode squeezed light
enters the network and scatters off the self-configuring net-
work, and the optimization is performed by routing the
entire output to the homodyne stage. To learn the first layer,
a frequency-tunable continuous-wave (CW) LO is set to
the first (e.g., lowest) frequency bin, corresponding to the
output port of the first layer (and, whenever frequency bin
j is optimized on, the LO frequency can be tuned to ωj ).
The output is then optimized according to the protocol dis-
cussed below, and electronic feedback is used to update the
layer parameters.

We note that whenever considering modes encoded in
the frequency domain, the modes are not strictly discrete.
In fact, the quadratures can also vary as a function of a
frequency detuning ω relative to the center frequency of
the ith frequency bin, such that xi(ω) = ai(ω) + a†

i (−ω)

and pi(ω) = (ai(ω) − a†
i (−ω))/i. These are in fact non-

Hermitian operators that form a complex-valued covari-
ance matrix �(ω), supporting morphing supermodes [11,
67] that vary nonuniformly with ω. In the ensuing analysis,
unless stated otherwise, we shall make two assumptions:
first, we consider a region of ω smaller than the squeezing
bandwidth around each resonance, thus effectively ana-
lyzing the decomposition of the real-valued covariance
matrix � ≡ �(0). Second, scattering elements that we use
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for optical processing in the frequency domain (such as
cavities side-coupled to a waveguide) have a larger band-
width around each resonance compared to the squeezing
bandwidth of the quantum light. A unitary operator U(ω)

associated with such elements acts approximately inde-
pendent of ω within the relevant spectral range, and we
can thus simplify U = U(0). A full frequency-dependent
treatment of our model is detailed in the Supplemental
Material, Sections S1C–E [38], and the implications of
bandwidth mismatch between the squeezing and scatter-
ing elements are discussed in the Supplemental Material,
Section S3C [38].

D. Variational optimization using homodyne
measurements

We now detail the variational optimization procedure
the network uses to learn the parameters of each self-
configuring layer using homodyne measurements. Homo-
dyne detection is a fundamental tool for characterizing
quantum states of light in phase space [1,68] and was
recently implemented on chip [28]. When a quantum light
field under investigation interferes with a coherent state
LO of amplitude α in a balanced beam splitter (BS), the
intensities of the output ports of the BS are measured using
photodetectors, and their difference measures the opera-
tor N−(φ) = 2|α|(cos φx + sin φp) ≡ 2|α|xφ where φ is
the controllable phase of the LO. For Gaussian states it
suffices to measure the first two moments of N−(φ): Mea-
suring 〈N−(φ)〉 reveals 〈xφ〉, while measuring the variance
of N−(φ) gives us the variance in the quadrature xφ , or
〈δx2

φ〉 = 〈x2
φ〉 − 〈xφ〉2. When the self-configuring network

is learning its ith layer, the homodyne measurement is
performed over the ith output port of the photonic cir-
cuit [ports outi in Figs. 1(a) and 1(b)], implementing a
unitary Uc (correspondingly, an orthogonal transformation
Oc), and we have that (see the Supplemental Material,
Sections S2A and B for derivation [38])

〈δx2
φ,i〉 = cos2 φ

[
Oc�OT

c

]
i,i + sin 2φ

[
Oc�OT

c

]
i,i+N

+ sin2 φ
[
Oc�OT

c

]
i+N ,i+N . (3)

Note that Eq. (3) covers the full interferogram of quadra-
ture variances for all φ. From the homodyne interferogram
as a function of φ we can then extract a cost function for
learning the ith layer, in the form of the Rayleigh quotient
(see the Supplemental Material, Sections S2A and B for
derivation [38]),

C[�o(i)
c ] = [Oc�OT

c ]i,i = �o(i)T
c ��o(i)

c

�o(i)T
c �o(i)

c
, (4)

where �o(i)
c denotes the ith column of Oc. Experimentally,

this quantity is found from the recorded homodyne inter-
ferogram by either a Fourier transform or a least-square fit

to a sinusoidal function according to Eq. (3), as detailed in
Section S2.B. We bring the right-hand side of Eq. (4) to
the form of a Rayliegh quotient as part of the application
of the variational theorem.

Using the variational theorem and the cascading prop-
erty of the self-configuring network described above, we
show in the Supplemental Material, Section S2A [38] that
the maximum of the quantity in Eq. (4) corresponds to the
ith largest eigenvalue of � in Eq. (1),

max
�o(i)

c

(C[�o(i)
c ]) = (1 − p)e2ri + p ,

argmax
�o(i)

c

(C[�o(i)
c ]) = �o(i),

(5)

with r1 ≥ r2 ≥ · · · ≥ ri ≥ · · · ≥ rN being the ordered
squeezing parameters and �o(i) is the ith column of OT.
Equation (5) is a direct result of the variational theorem:
the maximum of the Rayleigh quotient of Eq. (4) is the
largest eigenvalue of �, and the argument maximizing
this expression is its corresponding eigenvector. Namely,
once layers 1, 2, . . . , i − 1 have been learned, layer i will
learn the expansion coefficients (�o(i)) and squeeze param-
eter ri of the ith most (anti)squeezed supermode. The
network, therefore, discovers the supermodes in their order
of significance. For a full circuit (l = N ), once the entire
self-configuring network has converged, the learned circuit
transformation satisfies Oc = OT (up to a multiplication
by a diagonal matrix of ±1 from the left), such that
Oc�OT

c = (1 − p)K2 + pI reduces to the diagonal form of
� according to Eq. (2). For a sparse network (l � N ),
the circuit routes the l most squeezed supermodes to the
outputs, in their order of significance, while the subspace
of supermodes orthogonal to the discovered ones remains
unprocessed (as depicted in Fig. 1).

Figure 2 shows a numerical example for learning an
entire circuit for the case of N = 10 modes. In this exam-
ple, which is valid for both the spatial and spectral imple-
mentations described in Fig. 1, the self-configuring layers
are learned consecutively. The cost function of Eq. (4) is
extracted from the homodyne interferogram of Fig. 2(a)
[see Eq. (3) and the Supplemental Material, Section S2B
[38]] and maximized. In our simulation, we assume a loss
probability of p = 0.1 and model the detection noise due
to a final acquisition time (see the Supplemental Material,
Section S2C [38]). Optimization is performed using auto-
matic differentiation and a variant of stochastic gradient
descent [69] (see the Supplemental Material, Section [38]).

A formal proof of convergence based on the properties
of the Rayleigh quotient is provided in the Supplemen-
tal Material, Section S2D [38], where it was also shown
numerically that each self-configuring layer converges in
O(N ) iterations. This is evident from the steep conver-
gence of the cost function in learning each of the layers in
Fig. 2(b). For measuring the performance of the network in
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(a) (b)

FIG. 2. Numerical simulation of variational learning of multimode squeezed light. (a) Simulated quadrature measurement, and the
corresponding homodyne interferogram signal for the quadrature variance. The interferogram is fitted according to Eq. (3) and the cost
function extracted according to the Supplemental Material, Section S2B [38]. (b) Plotted cost function [Eq. (4)] and overall Hilbert-
Schmidt fidelity Tr|OOC|/2N as a function of iteration number, where | · | denotes element-wise absolute value. The inset shows the
product |OOC| to reflect the high fidelity between OC and OT.

recovering the correct BMD, we define a fidelity based on
the Hilbert-Schmidt norm of matrices A, B of dimension d
as F = Tr|ATB|/d, where | · | corresponds to an element-
wise absolute value. As anticipated, the fidelity of the
learned orthogonal transformation of the entire circuit OC
with BMD matrix OT of the ground-truth converges to 1
after the entire network has been learned, as is also evident
by the product |OOC| depicted in the inset of Fig. 2(b).

III. RESOURCE-EFFICIENT
SELF-CONFIGURING FREQUENCY-DOMAIN
CIRCUITS USING SURROGATE NETWORKS

A. Concept of surrogate network architecture

Frequency-domain quantum photonic circuits—
employing synthetic dimensions in photonics [64]—are
promising for decreasing the spatial footprint of on-chip
circuits. As we show below, it is possible to reduce the
number of cavities of a full network (l = N ) to O(N ) and
even O(1), depending on the implementation. We will
begin by describing the main concept and then detail two
possible architectures to implement it in the frequency
domain.

The idea is to physically separate the learning of layer
i from the implementation of the previously learned lay-
ers 1, 2, . . . , i − 1, as depicted in the block diagram of
Fig. 3(a). That is, at each stage of learning, the ith super-
mode will be learned, and the previously learned super-
mode decomposition will be “stored” and implemented
separately. The circuit that performs the learning is a
single self-configuring layer of maximal length N − 1
in the frequency domain, as discussed in the previous
section. The implementation of the previously learned
layers 1, 2, . . . , i − 1 is done using a surrogate network

situated right before the self-configuring layer that learns
layer i. The surrogate network is an inverse-designed
frequency-domain circuit—for example, the one proposed
in Ref. [73]—which can be reconfigured after each layer
has been learned.

Explicitly, let us consider the learning of the ith layer of
the circuit (represented as a unitary U(i)). Before the learn-
ing starts, the surrogate network is first inverse-designed
to implement the unitary U(i−1)U(i−2) · · · U(1) that has been
learned thus fur, hence it routes the first i − 1 supermodes
to the first i − 1 output frequency bins, while the remain-
ing i, i + 1, . . . , N frequency bins carry modes orthogonal
to these supermodes. The learning self-configuring layer is
then set to have its first i − 1 MZIs idle (by turning off their
modulation and have them act as 2 × 2 identity), while
the optimization is performed over the parameters of the
remaining N − i MZIs, trying to maximize the cost func-
tion of the ith output frequency bin of Eq. (4). Once the
learning of the ith layer U(i) has converged, the surrogate
network will now be updated, by inverse design, to imple-
ment the updated unitary U(i)U(i−1) · · · U(1), and the circuit
will be ready to learn the i + 1-st layer. We note that, while
the inverse-design stage runs in only a few seconds on a
standard PC, it may still become a limiting factor for the
learning speed of the entire network, depending on homo-
dyne trace acquisition times [74–76]. In these regimes, the
computational overhead of inverse design becomes com-
parable to, or even exceeds, the experimental learning time
of each layer.

We now proceed to propose implementations of this
concept using two different architectures for frequency-
domain quantum processors. The focus on the frequency-
domain architectures stems from the ability to implement
high-dimensional, full surrogate networks using fewer
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(a)

(b)

(c)

FIG. 3. Frequency domain self-configuring architectures with inverse-designed surrogate networks. (a) Block diagram of the circuit,
which uses a single self-configuring layer for learning. After convergence, the surrogate network is inversely designed to implement
the layers learned thus far, as detailed in the main text. (b) Implementation for uniform frequency bin encoding. The self-configuring
layer and learning are implemented as in Fig. 1. The surrogate network comprises a cascade of N modulated microring cavities with
frequency boundaries (realized by coupling each cavity to a smaller microring). Once a self-configuring layer has been learned, the
surrogate network is respectively updated through inverse-design. Overall, the circuit requires O(N ) physical elements to implement
an entire self-configuring network that discovers all N supermodes. (c) Implementation for nonuniform frequency bin encoding.
Dispersive cavities with nonuniformly spaced resonances are used to process the squeezed supermodes, which are encoded on the
same frequency ladder. The self-configuring layer is implemented using intracavity processing in a single modulated cavity with a
variable Mach-Zehnder interferometer coupler to the waveguide [70–72]. Once the intracavity processing has concluded, the cavity
field is unloaded into the waveguide and measured via homodyne using a pulsed local oscillator, as detailed in the main text and in the
Supplemental Material, Section S3A [38]. The surrogate network, now comprising only two scattering cavities, is inversely designed
accordingly. The circuit now requires O(1) physical elements to implement an entire self-configuring network that discovers all N
supermodes.

physical elements compared to the spatial domain imple-
mentation.

B. Surrogate networks using uniform frequency bins

We start by detailing the first architecture, depicted in
Fig. 3(b). The self-configuring layer is implemented sim-
ilarly to the ones in Fig. 1(b) and contains N − 1 consec-
utive frequency-domain MZIs, which can be controllably

driven to learn any layer i = 1, . . . , N , based on feed-
back from a homodyne measurement on the frequency bin
corresponding to the current layer’s output.

The realization of the surrogate network, implement-
ing the layers 1, . . . , i − 1, is based on the proposal in
Ref. [73]. Each of the cavities in the surrogate network
is coupled to a smaller ring, forming a finite frequency
boundary within which the inverse-designed circuit will
operate. This is made possible by properly choosing the
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integer ratio p between the rings’ FSR, such that every
pth mode of the larger ring coincides with a mode of the
smaller ring. Due to a strong coupling between the coincid-
ing modes of the small and large rings, these modes split
and are thus far detuned from any modulation at multiples
of the larger ring’s FSR, forming a frequency boundary.

Each cavity is electro-optically driven by a controllable
external drive at multiples of the cavity’s FSR 	. The mod-
ulation signal spans multiple tones 	l = l	, each with a
complex amplitude κl exp(iφl), with κ−l = κl, φ−l = −φl,
and κ0 = 0. The modulation tones 	l thus couple modes
ωn with ωn±l within the bounded frequency range. Assum-
ing a constant photon loss rate (cavity linewidth γs), the
unitary scattering matrix of the j th cavity of the surrogate
network can be derived from input-output theory as (see
the Supplemental Material, Section S1D [38] for the 2 × 2
case)

U(j ) =
(

H(j ) + i
γs

2

) (
H(j ) − i

γs

2

)−1
, (6)

where the coupling matrix H(j )
mn = κ

(j )
m−n exp(iφ(j )

m−n) is a
Hermitian and Toeplitz matrix (H(j )

mn = H(j )
m−n) with zero

diagonal (or at most constant, e.g., due to electro-optical
rectification, self- and cross-phase modulation, in which
case it can be calibrated into the cavity Hamiltonian).
The coupling matrix thus has 2N − 2 real degrees of
freedom and hosts all-to-all couplings that are not mutu-
ally independent: all frequency bins spaced by the same
integer multiple of the FSR have the same coupling. As
was numerically proven in Ref. [73], cascading up to
N such cavities with the proper inverse design of their
coupling matrices allows for the implementation of arbi-
trary unitary transformations U = U(N )U(N−1) · · · U(1) with
close to unity fidelity. The learning procedure can thus be
modeled numerically in an equivalent manner to Fig. 2.
Remarkably, this architecture allows for an entire circuit
to be implemented using exactly 2N cavities, instead of
requiring O(N 2) in the worst case.

C. Surrogate networks using nonuniform frequency
bins

The second architecture we propose employs nonuni-
formly spaced frequency bins and dispersive cavities with
matching resonances [Fig. 3(c)]. The learning of each self-
configuring layer is performed using a single dispersive
cavity. In addition, the cavity has a variable coupling to the
waveguide (as implemented experimentally in Refs. [70–
72]), and the learning is done using intracavity processing
of the input light over a finite time. The surrogate net-
work, on the other hand, is implemented using two addi-
tional scattering cavities. We assume that the multimode
squeezed vacuum is a CW signal prepared on the same

nonuniform frequency ladder, using, e.g., optical paramet-
ric oscillators (OPO) with a similar dispersion. Before
we detail the learning protocol, we provide a few tech-
nical aspects on how the frequency-domain mode mixing
behaves in this setting.

We consider a quadratic dispersion of the cavities such
that the cavity resonances are given by ωn = ω0 + n	 +
n2	′, as depicted in the inset of Fig. 3(c). The main con-
ceptual difference is that the cavities are now driven by
multiple tones that correspond to all possible couplings of
frequencies ωn and ωm: 	mn = (m − n)	 + (m2 − n2)	′,
each having a complex amplitude κmn exp(iφmn), with
κmn = κnm, φmn = −φnm, and κmm = 0. Unlike the cou-
pling matrix in the previous architecture, now we have
all-to-all couplings that are mutually independent: every
pair of frequencies can have a different complex coupling.
However, this comes at the price that the resulting coupling
matrix now hosts time-dependent detunings.

The time-dependent coupling matrix can be written
as H(t) = H0 + δH(t). Its time-independent part H0,mn =
κmn exp(iφmn) corresponds to the desired couplings, form-
ing a dense Hermitian matrix with zero diagonal (H0,mm =
0), and supports N (N − 1) real degrees of freedom. Its
time-dependent part δH(t) contains all possible uninten-
tional couplings with their corresponding detunings.

We define the smallest unintentional detuning in δH(t)
as � ≡ minmn	=jk |	mn − 	jk|. For a finite modulation time
T, the unitary transformation generated by H(t) is UC =
T exp

[
−i

∫ T
0 H(t′)dt′

]
with T denoting time ordering. In

the limit where T 
 2π/� ≡ T0, the time-dependent term
δH(t) is fast oscillating and can be dropped, and UC
approaches the target unitary UC,0 ≡ exp (−iH0T) (we fur-
ther discuss the validity of this approximation below, as
well as in the Supplemental Material, Sections S3C and D).

We consider the learning of the first supermode, such
that the surrogate network [depicted in green in Fig. 3(c)]
is turned off (not driven). The learning protocol of the self-
configuring cavity [depicted in red in Fig. 3(c)] proceeds as
follows and depicted in Fig. 4(a). First, the self-configuring
cavity is initially empty and not driven. The coupler is then
varied to a maximal external coupling to the waveguide,
γe, such that the cavity is coupled to the CW squeezed vac-
uum input and steady state is reached. Then, the coupler is
varied again to minimize the coupling with the waveguide
(to a value smaller than the intrinsic loss rate γi). The CW
input is turned off. Second, the cavity is then modulated
for a finite modulation time T 
 T0 with a target cou-
pling matrix H0, to implement a self-configuring layer OC
(corresponding to the target unitary UC,0) that acts on the
quantum light trapped in the cavity. Third, the coupler is
reset to γe to dump the processed light into the waveguide.
The resulting output signal takes a pulsed waveform. For
this reason, to perform a homodyne measurement on the
first frequency bin ω0, the output signal is combined with
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a pulsed LO with the same temporal shape, e−iω0tαLO(t),
unlike the frequency-domain architectures of Figs. 1(b)
and 3(b), which employed a CW LO. We note that any
added jitter to the pulsed LO, with a time scale tjitt, attenu-
ates the signal by exp(−γetjitt/2) and adds a vacuum noise
of order γetjitt, and we therefore require γetjitt � 1. A sim-
ilar requirement holds for the rise and fall times of the
controls of the variable coupler. Each such measurement
is performed for a single LO phase φ, and these steps
are repeated until a full interferogram is acquired. For
more details on this four-step learning procedure, see the
Supplemental Material, Section S3A [38].

In the Supplemental Material, Section S3B [38], we
show that for a maximal temporal overlap between the
pulsed LO and the pulsed output signal, this entire protocol
diagonalizes an effective covariance matrix given by

�eff = e−γiT
∫

dω
1
π

γe/2
(γe/2)2 + ω2 �in(ω)

+ (1 − e−γiT)I, (7)

where �in(ω) is the frequency-dependent covariance
matrix of the original CW input, and where 1 − e−γiT

serves as the photon loss probability, producing a similar
form to Eq. (2). In the Supplemental Material, Section S3B
[38], we show that under our assumptions, �eff shares the
same supermodes and eigenvalue ordering as the input
covariance matrix.

The surrogate network [depicted in green in Fig. 3(c)]
comprises two scattering cavities with the same nonuni-
form dispersion, and we denote their linewidth as γs.
Similarly to the self-configuring cavity, the scattering cav-
ities are driven with time-dependent coupling matrices
H(j )(t) (with j = 1, 2), which, in the limit of γ −1

s 

T0, approach the time-independent target matrices H(j )

0 ,
and the surrogate network implements the target unitary
UC,0 = U(2)

C,0U(1)

C,0, where the U(j )
C,0 are given by Eq. (6) with

H (j ) = H (j )
0 . Generalizing Ref. [73], in the Supplemental

Material, Section S3C [38], we show that two such cavities
are sufficient for the inverse design of an arbitrary unitary.
Importantly, once the learning has been concluded, the sur-
rogate network can scatter the incident CW input to a CW
output, decomposed into the squeezed supermodes.

Figure 4(b) depicts a numerical simulation of the learn-
ing with nonuniform frequency bins, for T = 10T0, N =
10 modes and 10% photon loss probability. For �in(ω), we
emulate a physical input prepared using an OPO squeezer
followed by a mode-mixing cavity (for details, see the Sup-
plemental Material, Section S3B [38]), and let the network
learn �eff of Eq. (7). In the considered regime, the super-
modes are weakly morphing, and the circuit trained on �eff
learns the BMD of �in with a fidelity of 99.58%, as shown
in Fig. 4(b).

We note that imperfect fidelity between the target and
actual unitaries UC and UC,0, of both the self-configuring
and surrogate cavities, can affect the performance of the
learning. We consider the process fidelity [77] between
these two unitaries F = |Tr[U†

CUC,0]|2/N 2 as a function of
the relative modulation time T/T0, the cavity’s lifetime,
and the mode number N , which sets a limit to the mode
capacity of this architecture. In the Supplemental Material,
Section S3D [38], we show that in general the process infi-
delity scales as 1 − F ∝ (T0/T)2. Specifically, for the case
of quadratic dispersion, we have 1 − F ∝ (N 2/F)2, where
F denotes the cavity finesse. We confirm this scaling
numerically for both the intracavity processing unitary and
the surrogate scattering matrix, as depicted in Figs. 4(c)
and 4(d), respectively.

IV. EXPERIMENTAL CONSIDERATIONS

One key challenge for the surrogate networks is the
limited modulation bandwidth. This is because a surro-
gate network requires fully connected couplings across all
frequency bins. State-of-the-art modulation rates are on
the order of 100 GHz for both silicon modulators [78]
and lithium-niobate electro-optic modulators [79]. Conse-
quently, the number of accessible modes is constrained
by the ratio of available bandwidth to the FSR, N =
BW/FSR. Achieving networks with tens of modes there-
fore requires millimeter-scale racetrack resonators with
FSRs of only a few gigahertz. Continued progress in mod-
ulator bandwidths, together with the use of resonators
featuring longer round-trip lengths, could raise this limit
to hundreds of modes.

For the nonuniform frequency-bin network, micro-ring
resonators with controllable, nonuniform wavelength spac-
ings can be realized through embedded photonic crystals
[80,81] or through dispersion engineering via resonator
geometry [82]. Racetrack resonators employing variable
MZI couplers have already been demonstrated in Si [71,
83] and SiO2 [72], as well as in other material platforms,
with reported finesse values exceeding F = 100 [72] in
the telecom regime. A notable experimental challenge for
future implementations will be pushing these finesse val-
ues higher, since the finesse F , together with the number of
modes N , sets an upper bound on the achievable infidelity
1 − F [see Fig. 4(d)]: 1 − F = (N 2/πF)2. We highlight
that the analysis in this work used F = 1000, whereas
state-of-the-art microring resonators can reach F = 4 ×
104 [84].

Regarding losses, the primary consideration for the
device’s operating regime is the requirement that the
intrinsic loss γi be much smaller than the external
coupling rate to the waveguide γe, i.e., γe 
 γi (the
strongly overcoupled regime). This condition ensures that
the frequency-domain MZIs implement the correct uni-
tary transformations [37]. Experimentally, the results in
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(a)

(b) (c) (d)

FIG. 4. Variational learning with nonuniform frequency bins. (a) Illustration of the intracavity learning procedure with the self-
configuring cavity, as detailed in the main text. (b) Simulated learning of the effective covariance �eff of Eq. (7) with T = 10T0, and
photon loss probability of 10% for a N = 10 system. The fidelity is calculated between the circuit OC trained on �eff and the BMD
orthogonal matrix O of the original input covariance �in(0). As the supermodes are weakly morphing, the two converge with a fidelity
above 99%. For further details, see the Supplemental Material, Section S3B [38]. (c) Process infidelity (1 − F) between the intracavity
unitary UC = T exp

[
−i

∫ T
0 H(t′)dt′

]
and the target unitary UC,0 = exp (−iTH0), calculated numerically using trotterization, for dif-

ferent values of N and T/T0. The inset shows the upper bound scaling (T0/T)2. (d) Process infidelity between the surrogate scattering
unitary and the target unitary (calculated using the first-order Magnus expansion; error bars indicate standard deviation over 20 random
target unitaries), for the case of quadratic dispersion and a finesse of F = 1000, with the upper bound of (N 2/πF)2. For more details,
see the Supplemental Material, Sections S3C and D [38].

Ref. [37] already demonstrate that achieving γe/γi ∼ 30
(corresponding to Qi ∼ 106) yields a frequency-shift ratio
exceeding 99%. The on-chip loss of a frequency beam
splitter scales as γi/γe [37], so for an array of N MZIs the
total loss rate scales as Nγi/γe, further emphasizing the
importance of minimizing the number of physical MZIs
in such designs. In the nonuniform frequency-bin archi-
tecture, the dominant effect of losses occurs during the
intracavity processing stage, where based on Eq. (7) we
require intrinsic losses satisfying γiT � 1.

V. DISCUSSION

We proposed and analyzed scalable on-chip architec-
tures for processing multimode squeezed light. Using the
notion of self-configuring networks, the photonic circuit
can be sequentially optimized using homodyne measure-
ments, which define an observable cost function that is
then maximized. This method is a manifestation of the
variational principle and enables us to learn and route the
most squeezed supermodes of an input quantum state in
their order of significance.

We discussed implementations in both the spatial and
spectral domains using real and synthetic meshes of MZIs,

allowing one to reduce the spatial footprint of such quan-
tum processing units. Sparse networks—which discover
the first l � N dominant supermodes, where N is the num-
ber of modes, can be implemented using O(lN ) MZIs
instead of O(N 2) for a full network. In the frequency
domain, the spatial footprint can be further reduced by
employing inverse-designed surrogate networks that emu-
late the circuit learned thus far. Using two different fre-
quency bin encoding schemes, we showed that the number
of physical elements needed to implement an entire net-
work (learning all N supermodes) can be reduced to O(N )

and even O(1).
Our methods can inspire further development in mul-

timode continuous-variable quantum technologies. An
immediate application of our methods could be quantum-
enhanced sensing across distributed channels. Once
the supermodes are efficiently demultiplexed, the most
squeezed outputs can be used as probes for different sys-
tems, as part of the distributed quantum sensing protocol
[15,17]. Another avenue for quantum metrology is the use
of the self-configuring methods for extracting the quantum
Fisher information of the generated quantum light [85].

Our results could be especially exciting for the emerg-
ing field of frequency-bin quantum information processing
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[55], where architectures for on-chip quantum process-
ing units are currently being explored. We envision that
self-configuring networks could also be useful for charac-
terizing frequency-domain graph states, allowing scalable
measurement of the entanglement witnesses (nullifiers)
of these high-dimensional states [2], as well as for the
measurement of bipartite [86] and multipartite [41,42,87]
entanglement in continuous-variable quantum networks.

The ideas presented in this work could be extended to
other encoding schemes. For example, it will be interesting
to extend our protocols to time-bin and hybrid frequency-
time bin encodings [57], which have been shown useful for
scaling up high-dimensional entanglement [88,89]. More-
over, it can be useful to explore other nonuniform fre-
quency bin encodings (such as the Golomb ruler [90]) to
further improve circuit fidelity and mode capacity. Finally,
our methods could generalize to other forms of multi-
mode quantum noise measurement, such as in the photon-
number basis and higher-order intensity correlations, for
studying unique multimode and nonlinear quantum optical
systems [23,24].
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